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PREFACE. 



The greater part of the Examples on Conies 
and Cubics was worked out by me during 
my study of Dr. Salmon's Treatises on Conies 
and the Higher Plane Curves. Several of those on 
Bicircular Quartics were suggested by Dr. Casey's 
Memoir* on those Curves, and Darboux's Suf 
une classe remarquable de Courbes et de Surfaces 
Algebriques.'\ I believe that either the Examples 
themselves or the methods adopted for their 
solution are original. 



This Volume is addressed to those who take 
an interest in properties of Plane Curves which 
are not of a purely elementary character, and, 
as the results obtained are new, I am in hopes 
that it may prove acceptable. I have throughout 



♦ Traai9a4:tions of the Royal Irish Academy, vol. XXIY. p. 457, 1869, 
t Paris, 1873. 



assumed the reader to be familiar with Dr. Salmon^s 
Conies and Curves; and, in &ct, these Examples 
may be considered as an addition to those in 
his works. For this reason I have used little 
explanatory matter, and rendered the proofs of 
the Examples as brief as possible. Most of the 
problems can be solved by methods which have 
been employed in the proofs of Examples, and, 
in the case of the more difficult, solutions will 
be found at the end of the book. 

Several of the Examples have appeared from 
time to time in the Educational Times^ and some 
of the Theorems on Nodal Cubics formed a 
paper in the Proceedings of the London Mathematical 
Society (vol. xn. p. 99). 

In conclusion, I have to thank the Board of 
Trinity College for their liberality in contributing 
to the expense of publication. 

Trinity Colleob, 

April, 1882. 
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Page 11 line 2, for centre read points of contact. 
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EXAMPLES AKD I*ROBLEMS ON CONICS, 

AND SOME OF THE HIGHER 

PLANE CURVES. 



I. Examples and Problems on Conies. 

1. To 'find the equation of the circle circumscribing a 
triangle inscribed in a conic. 
Let the equation of the conic be 

^^ + f,-lHZ7=0, 

and that of the circle 

Then the discriminant o( S—WUia fqund to be 

a* - h' ^ V - h* "^ h* ' 

or h'-h*{a''-H>' + r'-x''-y'') 

+ V {a'i» + r* (a" + i») - JV + oy } - a*iV = 0. 
Bat comparing the coefficients of the identity 

S-A"'t^=i!|^cosi (a+/9) + |8ini (a + /9)-cosi(a-/9)| 

X 1^ cosi (7 4 S) + 1 sini [y + S) - cos^ {y - B)\ , 
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(Salmon's Conies^ p. 208), we get 

A" « a« sin'i (a +/3) + 5» cos'i (a + /3) 

s the square of the semi-diameter parallel to one of the sides 
of the triangle. 

Hence, from the absolute term of the equation whose 
roots are a' — A,*, a* - A/, o* — A3", we obtain 

V((a'-V)(a'-;^,«)(a'-V)} 
Similarly we have 

._ v{(v-y)(v-y)(v-y)} • 

hJih 

Again, from the equation in A' we obtain r= ' * ' , and 

a;'" + y'»-r« = a' + i*-A,"-A,"-A3". 

We may also find the coordinates of the centre thus: 
eliminating y between the equations of the conic and circle, 
we get 

nence x = ^ («i + a?, + a?s+^«) 

= — T— {cosa + cos)8 + cos7+cos(a + /3+7)} 

(Salmon's Conies^ p. 218) 
o* — i* 

= cosi (a + P) cos^ (/8 +7) cos j (7 + a). 

In the same waj we find 

y = — J— »ini (a + /3) sini 08 + 7) sini (7 + a). 
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2. To find the equation of the circle through the middle 
points of the sides of the same triangle. 

Let the equation of the circle be 

and let x*^ y\ be the coordinates of the centre of the 
circumscribing circle, and a, fi those of the centroid ; then^ 
bj a known geometrical relation, 

2x" = 3a - a?', 2y" « 3/8 - y\ 
and 

3a =s a (cosa + cos^ + CO87], Zff^b (sina + sin/S + sin 7) ; 

hence, 

2005" =! a' (cosa + cos/S + C0S7) 

- (a*-^) cos J (a + ^8) cosj (i8 + 7) cos J (7 + a), 

2jy" = ft" (sina + sin^ + sin 7) 

+ (a-- ft») sin J (a + /?) sin J (/3 + 7) sinj (7 + a). 
Again, 
»""+y'"-r'« = J{(3a-»7 + (3iS-y7-4r'«} 

-J{9(a" + /3«)-6(aaj' + /8y') + «'' + y''-»'')} 
= (a* + ft')cosJ(a-)8)cos^ (^-7) cosJ(7-a). 

3. To find the locus of the centroid of an equilateral 
triangle inscribed in a conic. 

Equating the coordinates of the centroid and the centre of 
the circumscribing circle, we get, if 

'o^ 5. a(a«-ft») ^ &(a«-ft») . . 

Hence the locos is the conic 



^ {a* + 367 + ^ (&• + 3a7 = (a' - V) 






Examples a/nd Problems on Conies. 



4. If the centroid of a triangle inscribed in a hyperbola 
is on the curve, prove that (1) the circle through the middle 
points of the sides cuts the director circle orthogonally, (2) the 
area of the triangle formed by the tangents to the curve 
at the vertices of the given triangle is equal to half the area 
of the given triangle, (3) the ellipse touching the sides of the 
triangle at their middle points passes through the centre 
of the curve, 

(Salmon's Conicsy p. 257, Ex. 3). 

6. To find the eqitatton of the circle circumscribing a 
triangle formed by three tangents to a conic. 
The equation of the circle is 

(a' sin'a + V. cos'a) sin {fi — 7) 

X f-cos^ + l sin/8- IJ [-cos7 + | siny-l j 
+ («• sin»/3 + V co8'/3) sin (7 - a) 

X f- cos7 + ^ 8in7- l) (- cosa + f sina— 1 j 
+ (a* 8in*7 -f- i* cos*7) sin (a — /3) 

X (-cosa + |sina-l] (- cos /3 + | sin /3- 1^ = 0, 
or, multiplying out, and reducing, 

OS 

a^+^'-- {ilf(cosa + cos/8+ cos7) + (a"- J") cos(a + /8 + 7)} 

Cv 

- 1 {Jf (8ina+ sini8+ sin7)-(a»-5*) sin (af i8+7)}+i/=0, 

where 

j^_ a' + y+(a^-y) {cos(/84-7)+ co8(74'a)+ cos(a + /3)} 

4 cosi {/3 - 7) cos^ (7 — a) cos ^ (a — /8)} 
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If A^ By C be the angles of the triangle, Pj, p^j p^ the 
perpendiculars from the centre on the sides, A the area of 
the triangle, and JR the radius of the circumscribing circle, 

we have "» ~i^i ^^^ -^ +i^2 ®^^ -^ +-Pa ®^° ^> 

» 

but p^ = 



Via" sin*a + 6* cos*a) ' 

and sin J- ab sin {0--y) . 

• ~ V(a' sin'^yS 1- 6" cos'^/S) (a" sin^7 + b' cos'^y) ' 

also A = ab tan i (^8 — 7) tan ^ (7 — a) tan ^ (a — ^8), 

(Salmon's Conies^ p. 209, Ex. 9). 
Therefore 

p _ V{(^* sin'g+S'cos'g) (a* sin^/g+y co8'/8) (a* sin^-f &* cos^)} 
4tab cos J (iS — 7) cos i (7 — a) cos ^ (a — i8) 

If this circle pass through the centre of the conic, the 
locus of its centre is the conic 

4(aV + 6y) = (a'-J7. 

6. To find the equation of the polar circle of the same 
triangle. 
We find 

a' + y' 

!a^{2 cosj (i8+7) cosi (7+a) cos^ (a+^) - cos(a+/8+7)} 
-f (g^ + y) cosg cos 13 cos 7 
cos^ [0 - 7j cos J (7 - a) cos J (a - /S) 

fi*{2 sin^ (/8+7) sin^ (7+a) sin^ (a+/8) + sin(a+/S+7)} 

— ^-1 + (g^ -f y) sin g sinff sin 7 

t cos J {13 - 7) cos i (7 - a) cos i (a - /8) 
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If r be the radius of this circle, and ^„ t^^ t^ the lengths of 
the tangents drawn from the vertices of the triangle to the 
director circle, 

" ^.a^h^ ' 
for vr* = -2Acotu4cot5cota, 

and cot^= * 



2a6tanJ(y3-7) * 

(Salmon's Conies^ p. 161). 

For the parabola y* — 4?naj = 0, 



m. 



where^„^j,^3 are the perpendiculars from the vertices of the 
triangle on the directrix. 

7. To find the equations of the circles touching the sides of 
a triangle formed by three tangents to a conic. 
Let the tangential equation of the conic be 

aV+jy-lE r=o, 

and that of the circle 

(a'X + y> - 1)* - r* (\* + A**) H S = 0. 

Then the discriminant of F+-^ 2 is found to be 

T 

a* - h* "^ V - h' "^ h* 

Bat if V+ -^2 represent two points, thej evidently lie on 
the conic (a*- A')X» + (6'-A*)/*''- 1 = 0, or 

J^ + ^ 1 = 0, 
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hence, V^ci^^a!^^ where a! is equal to half the major axis of 
a confocal conic passing through a vertex of the triangle. 

Hence if /^j, /a,, ftg be the semi-major axes of the confocal 
ellipses, and v„ y,, v^ of the confocal hyperbolae through 
the vertices of the triangle, we have for the equation of the 
inscribed circle 

+ v*-{- K," + v.* - a" - c* = 0, 

, V{(a'-0(a''-v,')(a'-v.')} 
*^ ^6 ^' 

and for the equation of an exscribed circle 



V{(/*.''-a')K''-a')(a*-0} 
r- , _g . 

From these expressions for the radii we dedace, if 8 be 
the semi-perimeter, 

V{(M.'-a')(M,' -«')(/*.*-«')} 

* Sj • 

8. Find the egitation of the circle toitohing an ellipse and 
the tangmta to it from the point (jij v). 
It is 

"^^ e V(/**-c')-6 

., V(c'-v*){aA*-iV(M'-c')-c»} .. 
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Hence, if the point move along a confocal ellipse, the 
locus of the centre of the circle is an ellipse. 

9. Two vertices of a triangle circumscribed to an ellipse 
move along confocal hyperboloe; prove that the locus of 
the centre of the inscribed circle is a concentric ellipse. 

10, To find the locus of the centroid of a triangle inscribed 
in one conic 



. S+l-'-H 



and circumscribed to another whose tangential equation is 
{A, B, (7, F, G, H) (\, fi, v)'= 2 = 0. 
Writing down the condition that the chord 

^ cosj (a + /8) + 1 sini (a + /3) - cos^ (a- )8) = 

should touch 2 and two similar equations for the other sideS| 
multiplying ,them by sin (a — ^), sin (^8 — 7), sin (7 — a) and 
adding them together, we get, after dividing by 

sin i (a - /8) sin J (^ - 7) sin^ (7 - a), 

(7{l + 4cosi(a-/3)cosi(i8-7)cosi(7-a)} 

2(? 2F 
(cosa + cos^ + C0S7) - — (sina + sin)8 + sin 7) 

+ — + 75 =^ 0. 
a 

But cosa + cos/8 + cos7 = — , sina+ Bin/8 + sin7 = -Y^, 

a Q 



1+ 



8 cosi (a- /8) cosi 03-7) cosj (7-o) = 9 (^ + |,j , 
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Uence we have for the equation of the locus the conic 

11. Prove that the locus of the centroid of a triangle 
inscribed in a conic and circumscribed to a parabola is a 
right line. 

12. To find the locus of ike centre of the circumscribing 
circle of a triangle inscribed in one conic 8' = 0, and circum 
scribed to another conic 8=^0, 

It may be shown by the invariants that, if a triangle be 
inscribed in a conic 8' = and circumscribed to a conic 8=^0^ 
it is also self-conjugate with regard to another fixed conic 

4F+ 0fif' = (Salmon's Conies^ Art. 376). 

Hence, if (7«0 is the director circle of this conic, and r, 

the radius of the circumscribinjg circle, we have jr* = G 

(Salmon's Gonics^ Art. 375, Ex. 2). 

X* y* 
Let i8=-3 + 75— 1* then by the invariants we have 

a '' 

(Salmon's Gonics^ Art. 376, Ex. 2), 

r*-2r»(aj«+/ + aHi') + (aj« + yy-2c''(a;''-/) + c* = 0. 

Hence we obtain for the equation of the locus, putting 
a;* -f y" + a* + 6* — (7= L a line, the conic 

Also, since the circumscribing circle cuts orthogonally a 
fixed circle and has its centre on a fixed conic, it has double 
contact with a bicircular quartic. 

13. Prove that the foci of 8 are single foci of this quartic. 
If the conic 8 become a circle, the locus of the centre of 

the circles has double contact with the circle (7. 
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In this case the bicirctdar quartic breaks up Into two 
circles. 

These two circles have double contact with the conic S^^ 
and their chords of contact pass through the centre of the 
circle 8. 

14. A triangle is inscribed in a conic -s + n ~ ^ ^ 0, and 
circumscribed to a circle 8 whose centre is on the directrix of 
the cotiiD f a; == —J ; prove that the circle & has double contact 
with the conic 

and that the circumscribing circle of the triangle passes 
through the corresponding focus (c, 0). 

. 16. . To find the locus of the centre of the inscribed circle of 
a triangle circumscribed to a conic and inscribed in a circle 8. 
Let r be the radius of the circle inscribed in the triangle 
afid a the radius of 8y then 8=2ar by Euler's equation, and 
r's F a fixed conic (Salmon's Conies^ Art. 371. Ex. 4), since 
the triangle is self-conjugate with regard to F. Hence the 
locus is the bicircular quartic /8* — 4a*F=0, having qxiartic 
contact with the conic J7 where it is met by the circle 8. 

16. If < be the length of the tangent drawn from any 
point S on a conic to the circle passing through the points 
a, 13, 7, we can prove that 

<» = 4c»sini(S-a)sinJ(S-i8)sinJ(S-7)8m|(8+a+y3 + 7). 

Let a = iS = 7, ^d the equation of the conic referred te 
three osculating circles 5„ 5,, 8^ which intersect in the same 
point on the curve, may be written V^, + V8^ + ^/8^ = 0. 
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If these circles intersect at angles ^, Xi '^9 ^^^ ^9 ^9 ^ 
be the angles of the triangle formed by their centres, show 
that 

^ = 3-4-7r, x = 35-7r, '^-ZG-ir. 

17. A circle teaches the tangents drawn from points on a 
€onic ^ to a confocal conic, and cuts orthogonally a circle C7; 
prove that it has double contact with a bicircular qnartio 
whose single foci are the points of intersection of jS and G. 

18. A series of conies are cirGumscrtbed to a qtmdrilateral ; 
prove that the director circles have double contact with a 
bicircular quartic^ of which the intersections of diagonals and 
opposite sides arefoci.^^ 

Since the locus of the centre of the variable director circle 
is a conic passing through the intersections of the diagonals 
and opposite sides of the quadrilateral, and since it also cuts 
orthogonally the circle passing through the same points, its 
envelope is a bicircular quartic whose foci are the intersections 
of the fixed circle and conic. Or thus, substituting for 
la, &, &c., a + \a', b + Xi', &c., in the equation of thi^ director 
circle 

we get v8X" + SX+ fi"=:0, 

where 

Hence the envelope is S* = ^SS\ 

S IB evidently the director circle of the covariant coni^ ^. 

19. A conic passes through the intersections of diagonals 
and opposite sides of the same quadrilateral and has a focus 
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on the hidrcular quartie ; prove that its corresponding directrix 
toiU pass throvfjfh a vertex of the quadrilateral. 

Taking the intersections of diagonals and opposite sides 
for triangle of reference, and p,, p^, p, denoting the distances 
of a point from the vertices of this triangle, the director circle 
of the conic aa' + 1^ + 07* = is 

be sin'-4pj* + ca sln^Bp* + oJ sin* Cp* = 0, 

(Salmon's Conies^ p. 339), and the envelope of this subject to 
the condition aa" + Sis'* + 07'* =» is 

OL sin -4p, + P sin Bp^ + 7^3 sin (7 = 0. 

But p^, Pj, Pj are evidently proportional to the per- 
pendiculars from the vertices of the triangle of reference on 
the directrix of a conic which passes through the vertices 
of the triangle of reference, and has a focus coinciding with 
the point p^, p,, p, on the quartie. Hence the directrix of this 
conic passes through one or other of the points (a' ± /8'± 7'), 

Again, if a conic pass through three fixed points and have 
an asymptote parallel to a given line, the envelope of ite 
director circle is a circular cubic. 

20. To find the equation of the circle circumscribing thi 
common self-conjugate triangle of two conies. 

Form the equation of the circle cutting at right angles 
their director circles and the director circle of the covariam 
conic ^. 

21. Prove that the envelope of the director circles of 1 
series of conies touching three fixed lines and passing througl 
a fixed point is a bicircular quartie. (Salmon's Conies^ p. 256. 

* 

22. A circle circumscribes a triangle circumscribed to t 
conic 8 and has its centre on 8; prove that it touches th 
director circle of 8. 
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Let /8'=V(?a)+V(wi)8) + V(w7) = 0, 

then the radical axis of the director circle and the circum- 
scribing circle is 

h. cot ^ +771)8 cot 5 4-^7 cot G (Salmon's Conies^ p. 339) 

s= 0, which touches the circumscribing circle if 

^/[l cos-4) + hj{m cos 5) + *J[n cos C7) = 0, 

which is also the condition that the centre of the circumscrib- 
ing circle should lie on 8. 

23. Find the locus of the centre of a circle circumscribing a 
triangle circumscribed to a conic^ if it cut orthogonally a fixed 
circle whose centre is a focus of ike conic. 

Let r be the radius of the variable circle, Pj, p^ the 
distances of its centre from the foci of the conic, and k the 
radius of the fixed circle ; then 

hence ^ — ,.^wa - 1 = a circle. , 

At k + 46* 

The envelope of the variable circle in this case is a 
Cartesian oval confocal with the conic. 

24. To find the locus of the centroid of an equilateral 
triangle self-conjugate with regard to a conic. 

Let B be the !radius of the circumscribed circle, and r of 
the inscribed circle, then, by the invariants, we have 

a,» + y« = a' + J'Vi?, 
5V + a»y - a^J' = (a» + J') »^ = i (a' + 5') i?. 
Hence the eqaatlon of the locus is 

(a» - 3i') x' 4 (i' - 3a') / = (a' - bj. 
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And the envelope of the circumscribing circle of the same 
triangle is the bicircular quartic 

25. To find the locus of the centroid of an equilateral 
triangle circumscribed to a conic. 

The invariants give us 

-B*-2i?(»«+y' + a» + J«) + (fic^+/)''-2c«(a?-y') + c* = 0, 

a?-\-y'^a'-\'V-^E'. 
Hence the equation of the locus is the bicircular quartic 
{3(a' + /)-a«-jy = 4{aV4-jy+aW}. 

26. An equilateral triangle is inscribed in a parabola 
j^^px^O ; prove that the locus of its centroid is the parabola 

9y"+2p"-^a; = 0. 

Prove that the circles circumscribing equilateral triangles 
circumscribed to a parabola have a common radical axis. 

27. To find the envelope of the director circles of a system 
/of conies having douhle contact with two fixed conies. 

Let the tangential equations of the two fixed conies be 

where a, fi, 7 are the perpendiculars from the vertices of the 
triangle of reference on a line. 

Then (Salmon's Oonics^ p. 251) the tangential equation of 
a conic having double contact with the two fixed conies is 

A*" (fa -f «i)8)« - 2/4 {(oc' + a'c) a' + (ic' + J'c) iS* + 2ccy} 

+ (fa-m/S)'»0, 

where P—oc'-a'c, and «i" = - (6c' - J'c), 
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or, patting p, » tan^d, 

a* {ac' - a'c) -73" {he' - i'c) - 2V{- {{ae'^ a'e) (5c'- Ve)} cos^o/J 

- sin ^ {(ac' + a'e) a* + (Jc' + Ve) /8* + 2ccy} = 0. 

But if p,, p,, p, be the distances of a point from the 
tertices of the triangle of reference, and 2 be the circle 
described on^the side opposite 7 as diameter, the equation of 
the director circle of 

^a' + j&/8*-f Cy + 2J3a)8 = 

is (Salmon's ConieSj p. 258) 

Ap,^ + Bp;+ (7^3* -h 252 = 0. 

Hence the required envelope is the bicircular quartic 

{ac' - a'e) {be' - b'e) 2« - 4cc' (ap/ + 5p,« -f cp,') 

x(a'p,» + &'p.' + c'p,') = 0. 

28. To find the equation of the drele dreumscribing the 

a? «* 
triangle formed by the tangents to the conic 8=-^ + ^ — 1 =0, 

a o 

drawn from the point (a?', y') and their chord of contact. 

The equation will be of the form 

Substituting in this equation the coordinates of tne point 
{x'jy')j we get w = — (Zaj' + wy+ 1), and the conditions that 
the equation should represent a circle, give 

ly* mx' __ l + i!a;'_l + my^ 

Hence the equation becomes 
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J* >./« 



' Also if B be the radius of the circle, p, p' the distances 
of (a?', y') from the foci 

a* "*" 6' 

To find the angle under which this circle cuts the director 
circle. 

We have 






or {o* + V) pY co^d =r 4 (JV* + o^"^ ; 

or, again, 

Hence, if (a:', y') He on the director circle or the inverse 
of the director circle with respect to the circle described 
on the line joining the foci as diameter, the variable circle 
touches the director circle. 

Again, if (a?', y') lie on the inverse of 8 with respect 
to the circle described on the line joining the foci as 
diameter, the variable circle touches 8. 

29. Given the rectangle under the segments of the per» 
pendiculars of a triangle formed ly two tangents to a conic 
and their chord of contact^ find the locus of the intersection 
of the perpendiculars. 
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If two conies can be reduced to the forms 

2hxy + ca* = 0, a* -f y' + z^ = 0, 

then the Invariant relation is satisfied, 

06' « A A'. 

a? V* 
Hence, if the conic is -« + -^ — 1 = 0, the locus is the 
' a o ^ 

curve of the fourth order 

If the polar circle cut orthogonally the fixed circle 
x^ + y*'-J(? = 0, the locus of its centre is the conic 

and its envelope is the bicircular quartic 

The two conies coincide if k* = i — 75 — . 

X* it 

30. Tangents are drawn to the conic /S= -3 + ^ — 1 = 

Q? tt 
from any point on -5 + ^^ — 4 = ; prove that they form with 

their chord of contact a triangle whose centroid is on 8=^ 0. 

31. To find the locus of a point such that if from it 
tangents be drawn to 5=0, they will form with their 
chord of contact a triangle whose intersection of perpen- 
diculars lies on 5=0. Let (a?', y') be the point, (a, fi) 

the intersection of perpendiculars, 5 = ^a + ^ - 1, 



J 
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then «=:|i(a'-X«), ;8=^(5'-V), 

Hence^ substituting (a, )9) in 8=^0^ and dividing bjr 

— =• + ^ — !:• we obtain 
a ^ 

which is the reciprocal of 8 with respect to its director 
circle. 

The points {x\ ff')y (o^ 13) are evidently conjugate with- 
respect to the director circle. 

Given the point (a, ^3), {x\ y') is determined as the 
intersection of the polar of (a, 0) with regard to the director 
circle and the equilateral hyperbola which passes through 
the feet of the normals to 8 from (a, p). 

If (x\ y*) lie on a fixed line parallel to an axis or passings 
through the centre of 8^ the locos of (o^ /3) is a conic. 
If (a?', y) lie on the quartic 



«^-(^.»i@+^=^ 



(a, P) lies on the director circle. 

32, To find the eqtmtton of the polar circle of the triangle 
formed by two tangents to a conic and their chard of contact. 

The coordinates of the centre are already known, and 
we find the absolute term by expressing that {x\ y') is the 

r f 

oj^ 1/1/ 

pole of —7 +^-1 = 0, with regard to the circle ; hence the 
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{equation sought ia 

Zf r ia the radlua of the curclei 

The equation of the circle may be written 

which gives the equation of its chordg of intersection with 8j 
which meet in {x\ j/). These chords never meet 8 i& 
r^al points. 

If a;' = a constant, the circle cuts orthogonallj the fixed 



a 



xsircle «* 4-^ — -7 a; - J* = 0, and, therefore, has doable contact 

with a biclrcular quartic, K (a?', j/) lie on the directrix, the 
qnartic breaks up into two circles, which are imaginarj for 
the ellipse but real for the hyperbola. 

If(l) a« + 5'-^'»0, or(2) a' + J« + -^^^ = 0, the corre- 

2c 
fipondbg equations we (1 ) a?* + y* ± — tj[c? -f &*) a? + «* *«= 0, 

(2) ai'+3^±y V-Ca'+J^jy + J'-O, 
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which represent fixed circles having double contact with 8. 
These circles are such that 8 is its own reciprocal with regard 
to each of them ; they are all imaginary for the ellipse, but 
the two latter are real for a hyperbola whose director circle 
is real. 

33. From the equations of the circumscribed and polar 
circles of the triangles formed by two tangents to a conic 
and their chord of contact we can deduce the equation of the 
mne-point circle of the same triangle:— 

34. To find the locus of the vertex of a triangle formed by 
two tangents to a conic ( 8= — + n* "" 1 ) <^^d their chord of 

contact J if the centre of the inscribed circle lie on 8. 

If a and 13 are the tangents, and 7 their chord of contact, 
8 must be capable of being written in the form ap — kr/* = 0. 
But a = jS = 7, for the centre of the inscribed circle, whence 
A;=l. Substituting now for a, &c, iccosa + y sina-^, &c 
and equating the coefficient of xg to nothing, we see that 
the base and the internal bisector of the vertical angle must 
make equal angles with the axis. 

Hence the locus is the confocal conic 

^_f ^-o 

a' V a- + i«"" 

The base, in the same case, is normal to the equilateral 
hyperbola which passes through the feet of the normala to 8 
from the vertex of the triangle. 
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35. From a point {x\ y') tangents are drawn to a conic 



(5=— + ^ — 1 = 0), to find the coordinates of the focus of the 
a 

parabola having double contact with 8 at their points of contact. 

The equation of the parabola in tangential coordinates is 

focus, we have (Salmon's Conies^ p. 228), 

^5Vl±y;NV) y(x-+y'-c') 

If («', rj) lie on a line through the centre of fl^ or a 
concentric circle, [x^ y) lies on a confocal conic. 

If {x\ y') lie on a line, (a?, y) lies on a nodal circular 
cubic which has its foci in common with 8. 

Given (cc, y), [x\ y*) is determined thus: let a confocal 

' hyperbola be described through (a;, y) ; then the tangent to 

the hyperbola at (a?, y) intersects the asymptotes of the 

hyperbola in the corresponding positions of (a?', y'). The 

directrix of the parabola is 2xx + 2yy — a:'* — y '^ - a" — 5* == 0. 

.36. From a point (a;', y) tangents are drawn to a conic ; 
prove that the centre of the equilateral hyperbola, having 
double contact with the conic at their points of contact, is the 
inverse of [x\ y') with regard to the director circle. 

37. To find the locus of the vertices of equilateral triangles 

self-conjugate with regard to a given conic. 

a? V* 
Let the conic be-n + yT — l=i8«=0, and let 

a ' 

aj cosa + y sina = 0, x cos^S + y sin/3 = 0, 

be lines through the origin parallel to the two sides of the 
triangle meeting in the vertex (ar, y). Then, expressing that 
these sides form a harmonic pencil with the tangents from (a;, y)^ 
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we have 

cosa cosjS (y* — J") + sina ain ^ [a? --a*) --ay sin {a + 13) = 0, 
or (a?" + y' - a' - J') cos (a - iS) 

- (aj*-y*-c") cos (a-f iS) + 2ajy sin (a + fi)^ 
now co8(a — i8)=i, and a + i3==2a>| 

where cos 0)=-^, sinew =^?^, hence 



or 



(?-0-'-^+(»--''?-<'"--'^^«. 



A quartic curve with a node at the origin. 

If a* — 35* = 0, the locus breaks up into two imaginary 
conies. * 

For the parabola ^ — 4tax = 0, the locus is 

f {3x + la) - 4a' [x - 3a) = 0. 

38. To find an expression for the radius of a circle circum.'^ 
scribing a triangle self-conjugate with regard to a conic. 

Double the area of the triangle formed by the lines 

is equal to 



a 



a 



fiJ3 



a^d 



{xj/^ - y,x^) (y,aJa - Vz^t) ip^iVz - Vi^^ 









Vx 

F«' 




•Id 



1, 1 , 1 



•Mas 



4a'5'A 
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where a, yS, 7 are the sides, and A the area of the triangle, 
and^„^j, ^3 are the perpendiculars from the centre of the 
conic on the sides. But, if B be the radius of the circum- 
seribing circle, a^^ = 4A^, therefore 



2A = 



OF 2jB = 



4Ai? ' p,p^p^ ' 



In the same way we can find the expression for the radius 
of the circle circumscribing a triangle formed by two tangents- 
and their chord of contact (Salmon's ConicSj p. 230). 

39. Given three points on a conic and that a directrix 
touches a fixed conicj to find the locus of the corresponding^ 
focus. 

Let the tangential equations of the conic be 

^a' + 5)3» + (77' -f 2-F]87 + 2 (?7a + 25ai8 = 0, 

then the equation of the locus i&, if p,, p^, p, are the distances^ 
ef a variable point from the three fixed points, 

Mp,« + Sp: + Cp,' + 2Fpjy, + 2 apj>, + 2ffpj>, = 0, 

or, putting Jp,' + Bp* + Cp* = 28, 

8^-28' (^V,V + (Pp^p^ + H*p,\^ ± 8FGHp,'pX8 

+f*p:p:+g^p*p:+h*px 

- 2p*pX ( ^^P.'+ F'S'p:^ I- (Pp,^ = 0^ 
which represents two curves of the eighth order having tha 
circular points at infinity for quadruple points. 

If two sides of the fixed triangle are conjugate with 
respect to the fixed conic, these two curves coincide. 

If two pairs of sides are conjugate with respect to the 
fixed eonic, the locus is a bicircular quartic of whick tW 
two corresponding vertices of the triaii^^ «t^ i^^v 
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If the triangle is self-conjugate with regard to the conic, 
the locus is the director circle of the conic. 

If a directrix of the variable conic pass through a fixed. 
point, the locus of the corresponding focus is a bicircular 
quartic of which the three points are foci. 

If this fixed point is the centre of one of the circles 
touching the sides of the triangle, the locus is the circle 
circumscribed to the triangle. 

We shall get similar results if we substitute for the focus, 
" the centre of a circle of given radius having double contact 
with the conic," and for the directrix " the chord of contact of 
this circle " (Salmon's Conies^ p. 230). 

Let the chord of contact pass through the centre of a 
circle touching the sides of the triangle, then (Salmon's 
Conies^ p. 364) a sin-4 ± )8 sin J5± 7 sin (7= 0, therefore 

sin^ s/{p^ - A') ± sin5 V(p,* - A") ± sin (7 V(Ps' - *') = 0, 

where k is the radius of the circle having double contact with 
the conic ; hence, by Dr. Casey's equation (Salmon's Conies^ 
p. 114), we see that the circle having double contact with the 
conic touches the circumscribing circle of the triangle. 

40. Given three points on a conic, if a focus lie on a fixed 
circle, prove that the corresponding directrix touches a curve 
of the fourth class, of which the centres of the circles touching 
the sides of the triangle formed by the points are double 
points. 

41. Given a self-conjugate triangle with regard to a conic j 
if a directrix pass tkroiigk a fixed pointy to find the locus of the 
corresponding focus. 

J^PjP are the perpendiculars from two points conjugate 
with respect to a conic on its directrix, 8 the square of the 
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tangent from the corresponding focus to the circle described 
on the points as diameter, and e the eccentricity of the conic, 
we have S=^e^pp'. 

Hence, if the directrix pass through the fixed point 
la + mfi + W7 = 0, the corresponding focus lies on the bicircular 
quartic 

18^8^-^ m8^8^ + n8,8^ = 0. 

This bicircular quartic circumscribes the triangle, passes 
through the feet of the perpendiculars, and has four foci on 
the polar circle. 

If the directrix be parallel to a fixed line, the locus is a 
circular cubic, of which the intersection of perpendiculars and 
vertices of the triangle are centres of inversion. 

If the directrix touch a fixed Conic inscribed in the triangle, 
the locus is the director circle of this conic. 

42.' A conic U is inscribed in a triangle self-conjugate 
with regard to a conic F; prove that the circles, having 
double contact with F, whose chords of contact touch £7, cut 
ortljogonally the director circle of J7. 

43. Given three tangents to a conic^ and that a directrix 
passes through a fixed pointy to find the locus of the correspond-' 
ing focus. 

If p^ be the distance of the focus from a vertex A of the 
triangle formed by the tangents, ^^ the angle subtended at the 
focus by the side opposite -4, a the perpendicular from A on 
the directrix, and e the eccentricity of the conic, we have 

(Salmon's Conies^ p. 177) 6a = /), cos<^j = ^^— ' , where 8^ is 

equal to the square of the tangent drawn from the focus to 
the circle described on the side opposite A as diameter. 
Hence, if the directrix pass through the fixed point whose 
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tangential equation is la + m0 + ny = Oj the focus lies on 
lp^*S^^\^ mp*S^+np^Sj=0^ which represents a bicircular quartic 
circumscribing the triangle. 

When the fixed point is the intersection of the perpen- 
diculars of the triangle, the quartic becomes the product of 
the circumscribing and polar circles of the triangle. The 
former circle belongs to the case when the conic is a parabola. 
If the directrix be parallel to a given line, the locus is a 
circular cubic, as may be also proved thus : let x^y^ zhe the 
perpendiculars from the focus on the sides of the triangle, 
X, /t, V the angles between the sides and the given line; 
then a;*+2ca? cos\~&*=0, y*-¥2ct/ cos/a— 6*=0, 0*+-2ci2J cosv— 6*=0j 
and, eliminating b and c, the locus is 

X cosX (y' — 2*) + 3f cos /A (z* —z*) + z cos V (a?* — y*) = 0, 

a circular cubic, of which the centres of the circles touching 
the sides are centres of inversion. 

44. Given a self-^conjugate triangle vnth regard to a conioj 
and that half the length of the least axis is equal to the radius 
of the polar drele^ to find the envelope of the major aods. 

If two points are conjugate with respect to a conic 



>S^ -li 4 1^ - 1 = 0. we have 
a ' 



^. + J. ■ "^ 



c« 



or «i«, + y,2^2 = «'- jsyjaj 



e« 



which may be written ^, = a' — ^^,p^, where 8^ is the square 

of the tangent from the origin to the circle described on the 
points as diameter, and p^^p^ are the perpendiculars from the 
points on the major axis. 
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But if Aj Bj G are the angles and A the area of the 
triangle, 

8^ tan^ + 8^ tan5+ 8^ tan (7= 2A + t^ tan^ tan5 tan C, 

where t is the tangent drawn to the circumscribing circle of 
the triangle. Now e'=a*4-i^ and r"= — 2A GOiA cot^cot (7, 
where r is the radius of the polar circle. Hence 

2A (l--jj) + Ts(/37tan^ + 7atan5+a/3tan(7) = 0; 

and the equation of the envelope is 

^7 tan^ + 7a tan5 + a^S tan (7=0, 

which represents a conic, inscribed in the triangle, and con- 
centric with the circumscribing circle. ' % 

If the latus-rectum of the variable conic be equal to the 
radius of the polar circle, the envelope of the major axis is a 
conic confocal with the conic just found, 

45. Given a triangle inscribed in a conic, if the radical 
axis of the circumscribing circle and a circle 8^ having 
double contact with the conic, pass through the centre of an 
inscribed circle, prove that the chord of contact of 8 touches 
a conic, having the given triangle for a self-conjugate triangle, 
and concentric with the same inscribed circle. 

46. Given a self-conjugate triangle with regard to a 
conic, if the radical axis of the polar circle of the triangle 
and a circle 8^ having double contact with the conic, pass 
through the centre of the circumscribing circle, the chord of 
contact of 8 touches a conic inscribed in the triangle. 

If the radical axis pass through the centre of the nine- 
point circle, the chord of contact touches a conic inscribedl \\i. 
the triangle. 
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47. A circle S is inscribed in a triangle self-conjugate 



with regard to a conic U= -^ + f« "" 1 = ^j ^'^^ touches a line ; 

prove that the centre of 8 lies on the equilateral hyperbola 

which has double contact with U where it is met hj the line. 

, a? y* 1 
If the line tpuch the confocal conic -4 + 77 = -s — 73 ? the 

a a +0^ 

circle 8 has its centre on one or other of the tangents to U 

where it is met by the line. 

If circles inscribed in triangles, self-conjugate with regard 
to U^ have their centres on a fixed line, show that they have 
double contact with . a conic whose foci are the points where 
the fixed line meets U. 

Conversely, if a circle have double contact with U (the 
chord of contact being parallel to the minor axis) show that 
It is inscribed in triangles self-conjugate with regard to 
the conic 

j-(aj«-c»)- ay +2/^ = 0, 

where /is an arbitrary constant. 

48. Given a triangle circumscribed to a conic and the 
length (2a) of the major axis^ to find the locus of the foci. 

Let -4, 5, (7 be the angles of the triangle, and /),, p^^ p, 
the distances of a point from its vertices; then p^sin^, 
p,sin^, p^^va. G are the sides of the triangle formed by the 
feet of the perpendiculars from the point on the sides of the 
given triangle, and a is the radius of the circle passing through 
the feet of the perpendiculars. Hence 

a* (2/),V,' sin'-4 sin«5+ ^p^p^ An'B An'G 

+ 2/>3*Pi' sin* C sinM - p^ sin*-4 - p^ sin*5 - p^ sin* O) 

-^p'p.WBin'Asin'BAn^C 
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from the expression for the radius of the circumscribing circle 
of a triangle in terms of the sides. 

Now we may infer from Ptolemy's theorem that the 
expression lietween the brackets is equal to 

4 mi^AAn^B sin* (7^, 

where t is the length of the tangent to the circumscribing 
circle. 

Henqe p^pj>^ = 2a**, a curve of the sixth order. We have 
also p/p,>3' = 2a*'* for the other focus ; but ***" = 4J"i2', where 
R is the radius of the circumscribing circle, from the invariant 
relation between the conic and the circumscribing circle of a 
circumscribed triangle ; therefore 



' » ' 



p« _ PiPJ^iPi Pi Pa 

^ ■" 16a*6* • 



49. The equation of the circle described on a chord of a 
conic as diameter is 

(aT+&W)(a;*+y*)-2a*7aj-2J"wy + a'4 6'-a*J*(?+w') = 0, 

where -5 + ^ — 1 = J7= 0, and t» + ?wy — 1 = 0, ai:e the equa- 
tions of the conic and chord respectively. 
This equation may be written 

(P+^')(^ + |«-i) + ^.(?^+w-i)(i»-^i^-^)=o, 

showing that the circle meets the conic again on the line 
Lx^my — - — 5 — ^ = 0. 

Hence, if the circle touch the curve, the chord touches 

a'"*'i*"(a*^b*y 



a — a =■ 
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If the ratio of the lengths of an internal and external 
<;ommon tangent of the director circle, and the circle de- 
scribed on a chord as diameter, be given, the chord touches 
a confocal conic ; for, if m be the ratio, and a' the semi-axis 
major of the conic touched by the chord, we can show that ^ 

a'^ + y U + W* 

If the circle described on the chord Jc + wy — l = Oas 
diameter cut orthogonally the fixed circle 

/Se a;' + y* - 2aa? - 2)8y + A*= 0, 

the chord touches the conic 

a«(F-&»)P + i'(A'*-a'*)7w*-2a*aZ-2J*)8w + a« + 6« = 0. 

If j, a _ 7 a + p^ a = «' + J'*} the chord passes through one or 

other of two fixed points ; and 8 is then the polar circle of 
the triangle, formed by the line joining the points and the 
tangents to Z7 where it is met by this line. 

The circles described on parallel chords of a conic as 
diameters have double contact with a concentric conic. 

50. For the equilateral hyperbola a;* — y* — a* = Z7= 0, the 
circle described on the chord Zj5 + w^ ~ 1 = as diameter, 
coincides with the polar circle of the triangle formed by the 

tangents to Z7from the point ar = y, y= -, and their chord 

of contact. 

Prove that the circles described on conjugate or rect- 
angular chords of an equilateral hyperbola as diameters cut 
orthogonally. 

51. To show that the algehraic sum, of the reciprocals of 
the common tangents of a circle and a conic is eqiml to zero. 
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Let a;co8i£7 + y sin t£? — V{(«^ cos"* ?/? + &** sin* w)} = be a 
tangent of the conic, and let p be the perpendicular on it 

from the point (a?', y'); then -r- is the reciprocal of the 

common tangent of the conic and a circle of radius p^ whose 
centre is {x\ y'). 

Hence, for the four common tangents, 

1 /7 
S -- = -y- ^w = Ow as we shall show* 
t dp 

Putting e*" = zm 

x' cosw •]■ y' sinw —p - Aj{a^ cos^w-Vb^ sin'^tiy) =0, 
we obtain 

{{x'-ty') 0«- 2p;5 + a;'+ ly}'- {cV + 2 (a" + 6') g' + c'} =0, 

from the absolute term of which equation we deduce, if 



f_.f 



2xy 

iskn2<f> =—75 ^ — 5 , 2m; = 4^. '^w is therefore independent 

X *~~ u ~~ c 

of^. 

If the circle touch the conic, we have 

1 1 _ 2pcotg 

where r is the ra^us of the circle, p the radius of curvature 
of the conic at the point of contact, and the angle which 
the diameter of the conic at the same point makes with the 
curve. We can show in a similar manner that a circle 
meets a conic at angles, the sum of whose cotangents i» 
equal to zero. 

If a circle touching a conic meet the curve again at angles 

a and B, we have cot a + cot 5 = -7 to , where has tbe 

'^' ^ {p-rY 

same meaning as before. 
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52. A triangle is circumscribed to an ellipse 8^ and tVi- 
scribed in a confocal ellipse; to show that the osculating 
circles of S at the points of contact of the sides touch the fourth 
common tangent of 8 and the inscribed circle. 

Using tangential coordinates, the equation of 8j referred 
to the triangle, is /mv sin'^^ + v\ sin^^^i? + \/jl sin*^ (7 = 0; 
and 12 — 4/S=0, represents the confocal conic circumscribed 
to the triangle where Aj B^ (7 are the angles of the trianglci 
and 

12 = V + /It' + v' — 2fiv cosil — 2vX cos5— 2\fi cos (7. 

Then /ff — (\ sin'^i? + /m ein^^A) {l\ + mfi) = 0, represents a 
conic having contact of the second order with 8 on the side 
opposite V ; and expressing that this conic passes through the 
points represented by X2 = 0, we obtain the equation of the 
circle osculating 8 on the side opposite v in the form 

^ f /2sin*iB \ /2sin'i^ \ V ^ 

But this equation is satisfied by 

1 1 _ ^ 



cosi?— cosC cos(7— cos-4' cos-4 — cos5' 

which are the coordinates of the fourth common tangent of 8 
and the inscribed circle. The> three osculating circles have|. 
therefore, this line for a common tangent. 

53. Given four tangents to a conic^ to find the locus of the 
centre of a circle of given radius having double contact with the 
curve. 

Let Za + w;3 + w7+i?S = be an identical relation con- 
necting the four tangents a, )3, 7, S, and let r be the g^ven 
radius ; then the equation of the locus is 
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which represents a curve of the sixth order passing through 
the circular points at infinity, and the points at infinity on 
the diagonals of the quadrilateral formed by the tangents. 

Putting r = S, we see that the locus of the points where 
the normal at the point of contact of one of the tangents, 
meets the axes of the conic, is a cubic passing through the 
points where i is met by a, ^, 7. 

Given three tangents to a parabola, the locus of the centre 
of a circle of given radius, having double contact with the 
curve, is a unicursal curve of the fifth order. 

54. Oiven four points on a cohicj to find the locus of the 
centre of a circle of given radius having double contact with 
the curve. 

Let /),, /),, P3, p^ be the distances of a point from the four 
points, l^ m, w, p the areas of the four triangles formed 
by the points, and r the given radius ; then the equation of 
the locus is 

I VCp.' - r') + m V(/>,' - O + « V(f>.' - O + i) V(p; - r') = 0, 

which represents 'a curve of the sixth order. (Salmon's 
Conies^ p. 206, Ex. 10). 

If the four points lie on a circle, the locus breaks up into 
two circular cubics whose foci are situated on a concentric 
circle. 

If the four points form a parallelogram, the locus reduces 
to a curve of the fourth order. 

Putting r = p^, we see that the locus of the points where 
the normal at one of the given points meets the axes of 
the conic is a conic; but when the given points lie on a 
circle, the locus consists of two lines passing through the 
centre of the circle. 
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55. If /),, /t>, are the distances of a variable point from the 
foci of a conic, and if we put p/ = 2acos'i^, Pj' = 2a sin^J^, 

2 3 

for a point on the curve, 1. ^ 4- . y ^ — 4a' = will re- 
^ ' cos j^ ^\xr\d 

present a circle having double contact with the conic. This 

equation will become, if we put 

Pj+/)j = 2/tj p,--/>j = 2v, /ia'+ v'- 2/tvco8^ — a'8in'^ = 0. 

Differentiating the equation of the circle and eliminating Oj 
we obtain for the differential equation of the system of circles 

d/Jk dv 

Hence, two circles of the system make equal angles with 
the confocal conies which pass through their points of inter- 
section. 

To find the angle between the two circles that pass through 
a point. Transforming the equation 

/It' + v' — 2fiv cohO- a'sirf^ = 

to Cartesian coordinates by means of the relations 

/t' + v' = aj' + ^'+c', fiv = cxj 

we find if r be the radius of the circle, and x*" the abscissa of 
its centre r = 5 sin ^, x'==c cos 0. Hence, if d is the distance- 
between the centres of two circles, 

rf= - 2c sini {0 - 0') sini (^ + ff), 

and c?' = r' + r'' — 2rr'cos<^, where (f) is the angle sought. 
But sohing for the intersection of the circles, we obtain 
/lA = a cos} (^ - 5*), V = a cos} [0 + ff) ; therefore 
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If the circles cut at right angles, the locus of their in- 
tersection is the concentric conic passing through the foci 

a;'+ ( — T5 — )y' = c'» If the circles cut at a constant angle, 

the locus of their intersection is a curve of the fourth order. 

56. If t be the length of an external common tangent 
of two circles of the system, 

< = V{(? - (r - /)'} = 2 sini {0 - ff) V{a' sin'^ {0 + 0') - b'] 
If f be the angle which the same tangent makes with the 

y m^f J) 

axis sin-^sa— T— = — coti(^+^), *^^ ^^^ *^ external 

common tangent sin-^' = cot ^ (^ — 0*)* 

c 

Hence, one or other of the common tangents is parallel to 

a fixed line when the intersection of the circles lies on a 

confocal conic. 

57. Ifn circles^ having douhU contact with a oonicj form^ 
with a single point of intersection of each^ a polygon n — l of 
whose vertices move along confocal conies^ the n^"^ vertex will 
also move along a confocal conic. 

This follows at once from the expressions for /a, v in 
terms of ^, 0\ 

For a triangle the semi-axes /it,, fi^^ fi^ of the confocal 
ellipses are connected by the relation 

58. If d be the distance between the centres of two circles 
in Cartesian coordinates. 
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Hence, the theorem in the last example is true, if we sub- 
stitute for confocal conies ^^ concentric, similar, and similarly- 
situated conies." 

69. If A^ B are the base angles of the triangle formed by 
the centres of two circles and a point of intersection, we have 

tani-4 tani5= -. — :, = t^- Vri — ^ = a constant, 

if the intersection of the circles liei^ on a confocal ellipse. 

tan is A. • 

And 7 — 7^=- is constant if the intersection of the circles lies 
tan \B 

on a confocal hyperbola. If the difference of A and B is 
given, the locus of the intersection of the circles is an equi- 
lateral hyperbola passing through the foci. 

60. The centres of similitude of two circles having double, 
contact with a conic are harmonically conjugate with the 
foci* 

We have x => -^ ^—* = :rn^ — ttt, ; 

r, + rj cos^(6^+^V 

and .l ocosi(g4-y ). 

"^^ ^~ cosJ(^-^') ' 

therefore a;a:' = c'. 

For the system of circles which have their centres on the 
minor axis of the conic, the circle described on the line joining 
the centres of similitude as diameter passes through the foci. 

61. If tangents be drawn from the foci to circles having 
double contact with a conic, show that the product of the 
sines of the angles they make with the axis is constant. 

62. The square of the distance from a focus of a point 
of intersection of two circles having double contact with a conic 
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**-- — • - _ ,' 

is equal to the product of the distances from the same focus 
of their points of contact. The equations of the circles may 
be written in Cartesian coordinates 

where a?„ x^ are the abscissae of the points of contact. Hence, 
for a point of intersection, we have 

a?' + y' — ^' = ^'^1^2) 2a? = a?j + a?3; 
therefore . y' + (a? ± c)' = (a ± ex^) {a ± ex^ . 

63. If two circles having double contact with a conic 
infersect in the points («', ±y'), the equation of the circle 
passing through their points of contact may be written 

If 8 be fixed, and the conies form a confocal system, the 
locus of the points (a?', ±t/') is a circle cutting S orthogonally. 

If the points {x\ ±y') are fixed, and the conies form a 
confocal system, 8 has double contact with the Cartesian oval 

[x^ + y' + x'^ + y'' + 2c')' - 16cVa; = 0. 
If the radius of 8 is given, the locus of (a?', ±y') is the conic 

ay + V (2a' - 6') x' = a* (26' - r'). 

If the tangents to 8 from {x\ ±y') contain a constant 
angle, the polars of {x\ ±y') with regard to the given conic 
are touched by a confocal, 

64. The envelope of the polar of a fixed point with 
regard to the circles having double contact with a conic is 
a parabola. 

For the system of circles which have their centres on the 
minor axis of the conic, the envelope is 

, ,.. 4:d^V fxx' yy* \ ^ 
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(a?', y') being the fixed point, and -5 + ^j- - 1 = the equation 

a o 

of the conic. Putting y'-=0, x' = c^ we see that the feet of 

the perpendiculars from a focus on its polars with regard to 

this system of circles lie on the corresponding directrix. 

65. Tangents parallel to a given line are drawn to the 
circles having double conta(^t with a conic ; show that their 
points of contact lie on a concentric conic passing through 
the foci. 

66. The radical axes of a fixed circle, and the system of 
circles having double contact with a conic, touch a parabola 
which passes through the points of intersection of the conic 
and the fixed circle. We have two parabolas for the two 
systems of circles, the axis of the parabola being, in each 
case, parallel to the chords of contact of the circles. 

Hence, if circles having double contact with a conic be 
described to touch a fixed circle, the tangents at the points 
of contact are touched by the corresponding parabola. 

67. To find the locus of the centres of similitude of a fixed 
circle^ and the system of circles having dovhle contact with 
a conic. 

If a, ^ are the perpendiculars from the foci of the conic 
on a line, a tan^^ + /8 cot ^^ - 26 = 2 = will be a tangential 
equation of a circle having dotible contact with the conic 
a/8-&'=0; and if 7' — r' = S' = be the equation of the 

fixed circle, a tan Jff + /8 cot^fl ± — 7 = will be the equation 

r 

of a centre of similitude of S and 2'. The envelope of this 

equation with respect to gives the locus required, viz. 
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a^S — a 7' = 0, which represents a conic touching the common 

tangents of S' and the given conic. 

This conic passes through the points on 2 where It is> 
touched by circles of the system S' = 0. 

68. Taking two circles 

atani^ + i8coti^-2& = 0, atan|^+ ^8 cot J5'- 2J = 0, 

having double contact with the conic a^ — J* = 0, we have for 
their common tangents 

5'- a/S = (a + i8)'taD»i {^-^')- 
Hence, when their common tangents touch a concentric, 
similar and similarly situated conic, the intersection of the 
circles lies on a confocal conic ; for the angle is that used 
in Ex. 55. 

For the systena of circles which have their centres on the 
minor axis, if the tangents to the conic from the intersection 
of the circles contain a constant angle, their common tangents 
will touch a confocal conic. 

69. If a right line touch two circles having doMe contact 
with a conic J its points of contact with them lie on the same 
concentric^ similar and similarly situated conic. 

Let ajcosw+y sint^— ^ = 0, y'+(a: — c cos5)'— J' sin'5=0 

be the equations of the line and one of the circles respectively, 

and let (a:, y) be the coordinates of their point of contact ; 

then 

aj = c cos^ + J sin^cost(7, y = J sin^.sinti?, 

p = h sin^ + c cos^ cost!?; 

a? ti^ 1 
hence -5 + n - i fp' + (^^^ cos' ^ - V sin' 6) sin>} 
a a ^^ ^ 

• j/i • 2 o' + c'sin'to a*^ 

■\-^\}y0^mw = - ^ =— \i 

of o^^ 
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where a is half the major axis of the confocal conic touched 
by the line. The conic -» + r« = t > therefore, passes through 

the points where the line is touched by both the circles. 

Putting a =c, we see that the tangents drawn to the 
circles from a focus have their points of contact on the conic 

2 2 

70. To find the distance between the centres of the two 
circles which touch the line ajcosti7 + y slni^;— jp = 0. From 
the equation j? - J sin ^ — c cos 6 cos w = 0, or 

cos'^ (a* co^^w + V sin'ti?) — 2cp go%w cos ^ +j?' — J' = 0, 

™fi«^ n^o/) nnafl' 2^> V{(a' cos'ti; 4 V sIn'M? - jp')} 

we tind cos 6/ — cos u = ^—^ « ,« . » ^— ^ . 

aQosw-^o^mw 

Now e? = c(cos^- cos^'), and if S be the intercept of the 
line on the conic 

-, __ 2ab *J{{a^ cos^w + J' siu't^ "P^)} . 
"" a' cos* ti7 + J* sin'i^; ' 

therefore rf =68. 

71. 2b ^n(? the condition that four circles j having double 
contact with a conic^ should be all touched by the same circle. 

If the circles 

(aj-ccostf)' + y'-j'sln'^ = 0, (a?- a)' + (y-i8)'-r' = 0, 

touch one another, we have 

(r ± J sin 5)* = (a - c cos 5)' + iS'. 

Now this equation also expresses that the point whose co- 
ordinates are c cosd, ib sind, lies on the circle 

(iB-a)' + (y-«r)» + /3»=0. 

Hence, from the known condition that four points on a conic 
'should lie on a circle, we have ^^ + ^, + ^g + ^4 = 0. 
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When this condition is satisfied, a confocal conic passing 
through the intersection of one pair of circles will also pass 
through the intersection of the remaining pair (see Ex. 55). 

If four circles having double contact with a parabola be 
all touched by the same fifth circle, the algebraic sum of 
their radii is equal to zero. 

72. Three pairs of osculating circles of a conic can be 
described to touch a circle which has double contact with 
the conic. 

If circles be described to have double contact with the 
conic at the points of contact of each pair of these osculating 
circles, they will intersect on the confocal conic 

3 2 

a a — 4c 

73. To find the equations of the drQles which Umch three 
^iven circles having double contact with a conic 

From the equation of the circle passing through three 
points on the conic -^ — ^ = 1, we obtain (See Ex. 1), If the 
equation of the circle sought is 

A= ^ cosi {0, + tf J cosi {0, + 0,) cosi (^3 + ^J, 
c 

(7 = ia' {cos {0, H- e;i + cos (5, + ^J + coa {6^^ 6 ,^\- \V« -'i»\; 
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Also, if B is the radius of this circle, * 

5=1' sini {0, + ^,) sini {^, + ^,) slni (tf, + 0,). 

The equations of three other pairs of circles are obtained 
by altering the signs of two of the angles tf„ 0^^ 0^. 

74. To find the angle between a tangent to a conic and 
a circle having double contact with the conic. 

Let the tangent be 

X ^o^w + y miw =j? = V(^' c^o^w + J' sin'tr), 

and the circle aj'+ [y - /3y=r^=:a* (^ "*" ^) • ^^^^ if ^ be the 
angle required, rcoa 0=^/3 sin w — j?, and r sin 6^ = c sin ti? + -^ . 

Let ;} = asina. c8inw = acosa, i3 = ccotA, and r = -; — t-. 

then ^ = a — ^. 

Hence, the tangents to a conic meet two fixed circles, 
having double contact with the conic, at angles whose sum 
or difference is constant. 

Also a variable circle having double contact with a conic 
meets two fixed tangents to the conic at angles whose sum 
or difference is constant. 

75. To express the same angle in terms of the coordinates 
(a:, y) of the intersection of the tangent and circle. 

We find cos^« , or = — ; — , where p, p' are the 

p ' p ' 

distances of (a:, y) from the foci ; is therefore equal to half 
the angle which the points of contact of tangents from (ar, y) 
subtend at a* focus (Salmon's Conies^ Art. 121). 
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This result may be obtained by means of elliptic coor- 
dinates ; for the differential equation of the tangents to the 
conic /i = a, is 

d/M dv _A ' 

I5\ i It Ji ,.a\ iJL Il\ "• 



V(/*' - a') (/*» - c') - VK - V) (c* - v") 

(Williamson's Integral Cahuliisj p. 249, Ex. 32), and that 
of the circles is 

» fidfi vdv _^ 



as can be seen by integrating and transforming to Cartesian 
coordinates. But when two curves are represented by the 
equations in elliptic coordinates, 

the angle 6 between them is given by 

tang {^<y-P'<g)V(A*'-<'')(<^-^) . 

whence, In the present case, 

^0^'Mffi^ZJ!)^ and cos^ = 4^- 

Hence it may be deduced, that the tangents drawn to 
a conic from the centre of a circle having double contact 
with it meet the circle on the directrices. 

76. Two circles are described through a point (a:, y) to 
have double contact toith a conic ; to find the angle subtended 
by their centres at a focus, 

A circle having double contact with the conic being 
written 
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we have for the two circles of the system which pass throagh 

(«» y) 

where /S=-r, -h ^ - ^ 5 

a 

K„t fan A <^(/g.-/3.) 2«^Vg 

but taa^=-^^j;^p-, =^_^--,-^,, 

or, the angle sought is equal to the angle between the 
tangents drawn to the curve from [x^ y) (Salmon's Conies^ 
Art. 169, Ex. 3). 

77. To find the envelope of the tangents to the etrcles 
having double contact with a conic at the points where these 
circles are intersected hy a fixed tangent to the conic. 

Writing the circle 

c 
and the fixed tangent 

- COS A + r 8in<6 - 1 = 0, 
a ' 

we have for a point [x\ y') of their intersection 

, cos©± e-* smo) , smoT — cos0 

X ^ \ ac ^J y ^ ac ^ 

a^ l±eco&<f> ' b^ l±ecos(f) 

The tangent to 8 at (a?', y') is, then, 

aa;]cos^±f 6-1 8in^j[ + J(y — ^) jsin^T — cos^j- 

-(^!)8' + i8y + a')(l±ecos^)«0, 
which touches, when fi varies, one or other of two parabolas. 
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78. Through the centre of a circle having double contact 
with a conic tangents are drawn to a confocal conic ; show 
that they intersect the circle on two chords of intersection of 
the conies. 

79. Let 8= (x- ay +1/^ — 7^ = he a circle having 

. x^ 7/ 
double contact with the conic -5+^ — 1=0, and 

a ' 

a circle having double contact with the confocal conic 
then 6-» + 3J = l» ^-7=1; 



therefore 



r^' __ r' _ a' + /y _ r^ -f /» - 2rr^ cos <^ 



where ^ is the angle at which 8 and 8 intersect. 

Hence, when (f) is given, the ratio of r to r is constant. 
Putting r = nr'j we have 

showing that the line joining the centres of 8 and 8 is 
normal to 

which represents a conic confocal with the given conies. 

If {xj y) be a centre of similitude of 8 and 8\ we have, 
in the same case. 
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when, therefore, S and 8' touch, the point of contact lies on 

a" ^ y ^• 

80. If, in the preceding example, 8 and S cat orthogo- 
nally, show that they interaect on two chords of intersection 
of the given conies. 

81. Two circles having double contact with a conic are 
described to touch a tangent to a confocal conic ; to show that 
the angle subtended by their centres at a focus is constant. 

Expressing that the circle 

has double contact with the conic 

3 2 

and touches the line 

X cosi^; +y sini^; ^p = 0, 
we have 

-5--j = l, ^sinw^-'i^^r. 
a c 4» 

Eliminating ^, we obtain from the equation in r, 

o' + c' sinV 

T r ss* ^ ! 

' « 1 _ e> sin'w ' 
and eliminating r from the equation in /3, 

^'^^ l-e'sin'u7 
But, if ^ be the angle sought, 

r,r, cos0 = i8ji8,+ c'; 
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therefore 

^ 6'(2a'-»'-c'8in't^) ,/2 1\ 

cos 6 = — ^^ ;r- 2 - 2 ^ = C -72 - 2 1 

where a is the transverse semi-axis of the coDfocal conic 
touching the line. 

As a particular case we tave :— The circles drawn through 
the foci to touch a variable tangent to a conic cut each other 
under a constant angle. 

82. To find the orthogonal trajectory of the system of 
circles having double contact with a conic. 

The differential equation of the. system of circles being 

fxd^i, vdv _ 

that of the orthogonal trajectory will be 

Taking the lower sign and integrating, we obtain 

log |J V(m' - C) + ^ V(a*' - a')} {^ V(c' - v*) + ^^ V(a' - v*)} 

- e log {V(m' - a') + V(a*' - c')} {V(a' - v') + VCc* - v^} 

= a constant. 

If, then, the eccentricity of the conic be the ratio of 
two integers, the orthogonal trajectory will be algebraic. 

For the system of circles which have their centres on the 

major axis, the orthogonal trajectory is transcendental when 

the curve is an ellipse and algebraic when the curve is an 

m- 
hyperbola whose eccentricity = -jr—i r\ > where m and n 

are integers. 
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83. A conic has double contact with two fixed circles^ the 
circles belonging to different systems ; to show that its eccentricity 
is given. 

If the circles 

have double contact with the conic 

we have -5 + 75 = 1, -j 5=1; 

c' V ^ a^ c^ ^ 

therefore d^ = eV* — ; -. r', 

1 — r ' 

where d is the distance between the centres of the circles. 

Hence it can be shown that the locus of the foci of this 
system of conies consists of two pairs of circles concentric 
with the given circles. 

84. To show that the asymptoteSj in the same casCj pass 
through fixed points. 

Let -4, B be the centres of the given circles, and C the 
centre of the conic, then ACB is a right angle, and the 
asymptotes are inclined to CA and CB at constant angles ; 
they, therefore, pass through fixed points on the circle 
described on AB as diameter. 

85. If two circles are connected by a certain relation, an 
infinite number of equilateral hyperbolae can be described to 
have double contact with them. 

86. A conic has double contact with two fixed circles^ ike 
circles belonging to different systems ; to find the envelope of its 
directrices. 
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■ — — 1 — ■ 1 — - ■ I — ... J ^ ^f -^ — 

The conic 

a?* + y* — 2aa; + 4" — e* {x cos a + y sin a)'* = j 
has double contact with the circles 

a;'' + 3^'-2aa;+'A* = 0, (1 - e") (aj' + y'J - 2aiB 4 ft'' = 0, 
the origin being a limiting point of the circles. 

Now a: cos a + y sin a -p = 

will be a directrix of the conic when 

aj'^ + y* — 2aa: + ft'^ + e^ — 2e*p (a? cos a + y sin a) = 
represents a point ; which condition gives 

e«(i-e'^)p*-2eVcosa + ft"-a'* = 0, 
showing that the directrix touches a conic having the origin 
for focus. 

87. To find the envelope of the director circles of the same 
system of conies. 

The equation of the conic being the same as in the last 
example, the equation of the director circle is 

(1 -e')(a;'*+y") -2aa;(l -e'sin'a) -26'a3^sinacosa+i'(2-e')-a"=0. 

The envelope is, therefore, the Cartesiaa oval 

{(l-e*)(a;H/)-(2-€«)aaj+ft"^(2-e*)-aT-eV(aj'+y*)=0. 

88. Let 5 be a variable circle having double contact 
with a hyperbola, and fij, /S^, two fixed circles of the other 
system having double contact with the hyperbola; if t^ be 
a common tangent of 8 and 5,, and t^ of 8 and fi^, shew 
that <j - ^g = a constant. 

89. Criven three circles vnth their centres on a lincj there 
is one conic which has double contact with them. 
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If fij, /Sg, /Sg are the equations of the circles in Cartesian 
coordinates, Z, 7n, n the distances between their centres, 

represents the conic which has double contact with the circles 
If 2„ S^, Sg are the squares of the intercepts of a line 
on the circles, the tangential equation of the^ conic may be 
written I VS, 4- m *J2^ -f- n VSg = 0. 

90. If in the preceding example, the line joining the 
centres of the circles is the major axis of the conic, the 
eccentricity [e) of the conic is given by 

e^ Imn 



1 — e* Ir^ + mr^ + nr^ ' 

where r„ r^, r^ are the radii of the circles. 

If the same line is the minor axis of the conic, 

„ Imn 

€ = 



Ir^ + mr* + nr^ ' 

In the first case the foci of the conic are the double points 
of the involution determined by the centres of similitude 
of the circles (see Ex. 60). 

In the second case the foci of the conic are the points 
at which the centres of similitude of each pair of circles 
subtend a right angle. 

91. A conic has double contact with two fixed circles, 
the circles belonging to the same system; shew that its 
asymptotes touch a parabola of which the middle point of 
the centres of the circles is the focus. 

92. The envelope of the director circle of the same conic 
is a Cartesian oval, of which the middle point of the centres 
of the circles is the double focus, and the centres of similitude 
of the circles are single foci. 
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93. To find the locos of the 'points through which the conies ^ 
drawn to have double contact with two fixed circles^ cut 
orthogonally. 

When the circles belong to different systems, the locus 
is found to be a bicircular quartic having the centres of 
the circles for double foqi. 

When the circles belong to the same system, the locus 
is the circle described on the line joining the centres of 
similitude of the circles as diameter. 

94. A variable circle has double contact with a conic ; 
shew that the tangents, drawn through one of the points 
of contact to a fixed confocal conic, intercept on the circle 
segments of given length. 

95. PP', QQf are chords of a conic, parallel to an axis 
of the fcurve ; if circles through PP' intersect circles through 
QQf on the curve, shew that the distance between their 
centres is constant. 

96. If pairs of circles^ having their centres on an axis 
and cutting each other orthogonally^ be described through a 
fixed point on a conic^ the circles passing through the variable 
points where they meet the curve again have a common radical 
axis. 

The circle passing through two points a?„ x^ on the conic 

x^ V" 

-. + 15-1=0 

a 
may be written 

aj'^ + y*- e^ (ajj + a;J a? + e\x^ - W= 8= 0, 

17 ow, a being the abscissa of the fixed point, the circles 

x^-^-y* ^ e* (a + x^)x + e*aa?, - J* = 0, 

aj« 4- 2^« « e" f a + a: J 2C + c'ax .^ - b* = ^ ^ 
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cut orthogonally, when 

subject to which condition 8 passes through the points deter- 
mined by 

These points lie on the circle 

2a* 
aj' + y" a: + a'4-c'-€V=0, 

which represents the circle cutting the conic at right angles 
at the points where It Is met by a; = a. 

97. If r be the radius and x' the abscissa of the centre 

of the circle 

2a* 
aj' + / a: + a* + c" - e V = 0, 

we have 

^^J^^a){x^^<?) 



a?'- 



This equation Is not altered by Interchanging a and c; 
whence we Infer that the circles cutting the conic 



2 2 



orthogonally at points on a perpendicular to the transverse 
axis, and the circles related to the conic 



1 ii 

^ 1=0 



in a similar manner, belong to the same system algebraically. 

98, The envelope of the system of circles 

2a* 
aj' + 3^' x-\ a^-c^-^ eV = 0, 
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is (iu« + 3^» + a- + cy-27aVaj'' = 0, 

or in elliptic coordinates 

(/ii^+v^4a7-27aVV = 0, 

which may be written 

/*i + vi + a? = 0. 

99. The length of the tangent drawn from a focus to 
a circle cutting a conic orthogonally at points P, Q, PQ 
being parallel to the transverse axis, is equal to the semi- 
diameter parallel to the tangent at P. Also, the angle 
between the tangents from a focus to the circle equals tt — 2^, 
where 4> is the eccentric angle at P. 

100. If the circles 

2a* 
•^ a 

cut each other orthogonally, the line joming their centres 

touches the conic 

^_f ^ 

101. To describe through a point on a conic circles cutting 
the curve twice at right angles, 

Eliminating y between the equations 

2a' 
oj' + y' x-\-a^'\-c^- eV = 0, 

and dividing by aj — a, we obtain 

6"(a* + a;a)-2a'* = 0. 
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Ileuce two circles may be described, and the circles passing 
through the variable points where they meet the curve again 
passes through fixed points on the minor axis. 

102. If normals be drawn from a point to a conio^ and 
the line joining the feet of (wo normals pass through a fixed 
pointy to shew that the line joining the feet of the other two 
normals touches a parabola. 

If one chord of intersection of 

and (?Qcy + b*y'x — a Vy = 0, 

{Salmon*s Conies^ Art. 181, Ex. 1) is 

Ix + my -f w = 0, 



the other must be 



b^x a^v €?b^ 
L m n 



Hence, if one chord pass through the fixed point {x\ y'), 
the other touches the parabola 

V(-5')V(-f')='- 

The locus of the intersection of normals, at the extremities 
of a chord which touches the parabola 

^J[\x) + ^J[^ly) = 1 

is a curve of the third order (Salmon's Conies^ Art. 370, Ex.). 
103. A triangle being inscribed in a conic 
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and circumscribed to a conic 

the normals to S at the vertices of the triangle pass through 
a point ; to find the locus of the point. 

Writing down the conditions that the sides of the triangle 
{Salmon's Contcs^ Art. 231, Ex. 2) should touch 8\ and 
eliminating a' and b\ we obtain a relation which expresses 
that the normals pass through a point. 

Forming the invariants of 8' and 

we have, since S^^ circumscribes a triangle circumscribed 
about 8\ 

a fo o M o 

104. K, in the preceding example, 

.' «' A' *' 

relations which agree with 

a' V_ 

the invariant relation between 8 and 8\ the normals at 
the vertices of the triangle intersect on the curve, 

The locus of the centre of the circumscribing circle is, 
in this case (see Ex. 12), 

and the envelope of the circumscribing circle is the bicircular 
quartic 
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105. To find the hcus of the centroid of the same triangle^ 
Eliminating y between 

-^ + I, - 1 = 0, c*a?y + jya;- aVy = 0, 
we obtain 

Hence 






since x' is one of the roots of the equaticm in a;; therefore 

, (a" +6') , ^ . ., 1 .. (a' + b*) , , ,, 

Sx = — ;5 — - X , and similarly 3y = — ^ — ^ — ^ y, whence the 

equation of the locns is 

^« y' _ 1 [a'-^by 
a" ■*■ J' " 9 c* • 

To find the area of the same triangle. 



We have 2A = 

therefore, squaring 

4A* = 



a?j, x^j a?, 
1, 1, 1 



Sa-y, 2/, Sy 
2£C , Sy , 3 



But we have 

2a?-^^-^ar, 2y = - ^ , ^ yf 

we also find Sas* = =^ {(a» + 2c») «'« - %■* + c*}, 

c 

c 

(a» + &»)' , , 
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Hence, substituting and reducing by means of the equation 

a'^ V" ^' 
we obtain 

^' = ^ |(a' - ^hy 1^ - (2a« - bj ^l . 

106. From the point where a normal to the conic 

^ + ^ — 1=0 touches the evolute, two other normals are 
a ' 

drawn to the curve ; show that the line joining their feet is 

414 

always normal to the conic aV + Vx^ = —4- . 

c 

107. jNormals are drawn from a point (a;, y) to the 
parabola y' — ^mx = ; if A is the area of the triangle formed 
by their feet, show that 

A* = 4?n (a: - 2wi)' - 21m^y^. 

108. ^Normals to the parabola y'-4?wa? = 0, include a 
constant angle = tan"^^ ; show that the locus of their 
intersection is 

[e {f + 3w' - wa?) + f (27n» - a;' + mx)Y 

= wi (1 + ty {4 {x - 2my - 27my^}. 

109. To draw a normal to an equilateral hyperbola front 
a point on the curve. 

The curve referred to the asymptotes being written 
2a!y — a' = 0, the hyperbola which passes through the feet of 
the normals from {x\ y*) is a;' - y' — x'x-^-y'y = 0, We have, 
therefore, to determine x 

4arV - 4a;' V + a*x - a*x = 0, 

4 

which gives, after dividing by a? — a:', «' = -—,. 

43? 
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110. The anharmonic ratio of the pencil, which joins any 

point on the conic '-= + l^r — 1 = to the feet of the normals 

a 

drawn to the curve from (a;, y), is given by the equation 

y* " a^Vc'xY ' 

111. A conic circumscribes a triangle so that the normals^ 
at the vertices pass through a point j to find the locus of tts 
centre. 

The condition that the normals should pass through a 
point can be written cot^j + cot.S^ + cotiS, = 0, where 3„ .9,, .S^ 
are the angles which the sides of the triangle make with 
the diameters bisecting them. But, a, i8, 7 being the per- 
pendiculars on the sides of the triangle, 

« _/8sinjB— 7sin C^+asin(jB— C) 
^^^^ 2asin£sinC ' 

and similar expressions for id*,, ^3; thus, we have for the 
equation of the locus 

sm-4^ '' sm-B^ ' smO^ ' 

This cubic is also the locus of foci of conies inscribed in: 
the triangle, whose axis major passes through the ceutroid. 

112. To find the condition that the normals at six points 
on a conic should he all touched by a conic. 

Expressing that the normal whose equation is 

cos 9 sm9 ' 

touches a conic given by the general equation, we obtain aa 
equation of the eighth degree in tan^0, between the roots 
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* . 



of which we find three relations by eliminating the constants 
in the equation of the conic. Eliminating from these 
relations two of the roots, we have the condition required 

where P=Scosi(0, + *8 + ^8-*4-*s-*6)j 

g = Ssin(^,+ ^, + ^3 + ^J, JB = Scos(5-.^J, 

* S= sin2fi + S sin (^, + ^,), 

2^ being equal to 2^. 

K the normals at six points on the parabola y'-^px^O 
are all touched by a conic, we have 2^ == 0. 

113. To find the locm of the poles of lines making a 
constant angle with the conic -5 4- Ti *- 1 = 0. 

The equation of one of the lines may be written 
x{b COS0 + ma sin^) +y (a sin^ - mb cos^) 

— {ab + m(? sin ^ cos ^) = 0, 
where m is the tangent of the given angle ; comparing this 

with — ^ + ^-1 = 0, we have 
a 

x' b cos ^ + ma sin d> y* a sin — mb cos 
a* ai + 7wc* sin^ cos^' V a6 + wc*sin0 cos^' 

hence, eliminating ^, the equation of the locus is 
,/cVy a' y*\ 2m&xy fx^ y^ \ 

a quartic having a node at the origin and two nodeft a.tVQ&s^^ 
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114. To find the condition that three lines making an 

angle tan"*m with S= -« + 75 — 1, o,t points whose eccentric 

angles are a, iS, 7 should meet in a point. 

The points at which lines making a constant angle with 8 
pass through (x\ y') are determined as the points of inter- 
section of S with the hyperbola 

Hence^ we must have 8' ■{■k8 = \PQj where 

P= - cos^ (a + /9) + 1 sin^ (a + /9) - cos^ (a - iS), 
a ' 

g = ^co8i(7+S)+|sini(7+S)-cosi(7-S); 

and equating the coefficients of x^^ y^^ xy and the absolute 
terms in this identity, we obtain 

A = \ cosj (a + ^) cosi (7 + S) = \ sini (a + iS) sin J (7 + 8), 

m(?ah = X sinj (a + /8 + 7 + S), 

a*J' — A; = \ cos J (a — ^) cos^ (7 — S) ; 

hence, a4-/8 + 7 + S = 7r, 

and sin (/8 + 7) + sin (7 + a) + sin (a + iS) = 






115. If a triangle be inscribed in 8= -« + ^ — 1 and 

a 

circumscribed about a concentric conic, three lines at 4he 

vertices of the triangle making a constant angle tan'^m 

with 8 will pass through a point. 

If the conic touched by the sides is 
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and the locus of the points through which the lines pass 
is the conic 

116. Lines making a constant angle with a conic at the 
vertices of an inscribed triangle pass through a point on 
the curve ; show that the locus of the centroid of the triangle 
is a concentric conic. 

117. K three lines making a given angle with the 

parabola y* — 4aiB = at the points y^, y^^ y^ pass through 

2a 
a point, ^,+^8 + ^8" — J where m is the tangent of the 

given angle. Now 

is the condition that four points should lie on a circle; 

hence the circle passing through the three points passes 

2a 
through the fixed point on the curve y = . 

118. The locus of the intersection of lines making a 
constant angle with a conic at the extremities of a chord 
which passes through a fixed point, is a curve of the third 
degree (Salmon's Conies^ Art. 370, Ex.) If the fixed point 
is on the diameter which cuts the curve at the given angle^ 
the locus reduces to a conic, as the diameter in this case 
is part of the locus. The locus also reduces to a conic if 
the fixed point be at infinity. 

119. From the point of intersection of two lines making 

x^ V* 
a constant angle with the conic -5 + ^ — 1 = 0, at the ex- 
tremities of a chord which passes thro\x^\v ^ ^asis. \«^voX 
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{x\ y')j the two other lines are drawn which make the same 
angle with the curve; show that the chord joining the feet 
of the latter pair of lines touches the parabola whose tan- 
gential equation is 

aV (a'^X' + hy) + mc' {b^x'fiv + a^vX - a'i V) «= 0. 

120. A conic circumscribes a fixed triangle, so that lines 
making a given angle ^ with the curve at the vertices pass 
through a point ; the locus of its centre, referred to the 
triangle, is 

-^(/3'-7') + ^(7'-a") + ^{a'-^)+2cot^a/97 = 0, 

a cubic passing through the vertices and middle points of 
sides. 

121. If two lines be drawn through the point y' on the 
parabola y' - 4aaj = to meet the curve again at the angle 
tsxf^mj the equation of the line joining their feet is 

4kmax — {2a — my') y-V^a (4wa + y') = 0, 

which, when y varies, passes through the fixed point 

2« « A. « ax 

^ m^ m" ^ ^ 

The locus of this point for difierent values of 7n, is the 
parabola y' + 4a (aj + 2a) = 0. 

122. Eight points on a conic lie on a bicircular quartic ; 
show that the sum of their eccentric angles = or 29n7r. 

123. Six points whose eccentric angles are 0, &c., are 
taken on the conic 

^4-^ — 1 =0' 
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show that the middle points of the centres of the ten pairs 
of circles which pass through them lie on the line 

ax sins — by coss — ^c* (P sins + Q cos*) = 0, 

where 2* = 20, P= 2 cos 0, Q = S sin <^. 

124. Four points whose eccentric angles are ^j, &c., 
being taken on the conic 

the equation of the equilateral hyperbola passing through 
them is 

2ab coss (cc* - y') + 2 (a* + i') sin^a:^ - J (a* + i*) Px 

-aCa^'+J") (2y+(a' + J'')(i2-cos5)=0, 

where 2$ = S0, P= S cos (« - 0), C = 2 sin (s — 0), 

i? = Scosi(0^+0,-03-0J. 

. x^ t^ 

125. Four tangents to the conic -5 + ^ ^ 1 = ^j being 

drawn at the points whose eccentric angles are 0„ &c., the 
tangential equation of the parabola which touches them is 

a* {R + cos 5) X* + V {B — cos s) fi* + 2ab sin s\fi 

•^aPv\ + bQfiv = Oy 

where P, (^ and B have the same meaning as in the preceding: 
example. 

126. Given five points, it is possible .to find an equilateral 
hyperbola such that the centre of the circle passing through 
any three of the points is the pole, with regard to the 
hyperbola, of the line bisecting at right angles the line 
joining the remaining two points. 
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The five points being taken on the conic 

ay V 

the asymptotes of the hyperbola are parallel to the axes, and 
the coordinates of its centre are given by the equations 

0?= — (P+C0S25), y = -^(g-sin2«). 

127. A system of conies has double contact with a fixed 
circle and a fixed conic; to find the locus of the foci. 
Let the fixed conic be 

2=aV + JV-l = 0, 
and the circle 

in tangential coordinates ; then, if A is a root of the equation 

-1. w_ll L . 1 s=sO 

r ' 

where E and F are the extremities of a diagonal of the 
quadrilateral formed by the common tangents of 2 and S^ and 



^'^jE;'+ 2^ (2 - ^* /SW i?^ = 0, 



represents a conic having double contact with 2 and 5. The 
latter equation may be written 

showing that the points 

2A 
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are foci. Hence, taking the discriminant with respect to •9, 
the locus of the foci is 

JEF-^*(a\ + i8/A-l)* = 0, or 2 -A*(\'' + aa') = 0, 

a conic confocal with 2 and passing through the points E 
and F. 

This conic gives the locus of the foci, when the major 
axis of the variable conic passes through the centre of S. 
When the minor axis of the variable conic passes through 
the centre of Sj the foci are the anti-points (Salmon's Higher 
Plane Curves^ Art. 139) of two points on a conic which are 
coUinear with a fixed point. To find the locus in this case^ 
let the conic be 

and the fixed point (a, /3) ; forming then the equation of 
the chords of intersection of 8 and (a? — a;')* + (y - y')* = 
this (Salmon's Conies^ Art. 370, Ex.), and, expressing that 
equation is satisfied for the point (a, iS), we have the 
locus required 

^l(„_ar+(y-/3)'}-a'6'g + |'-iy(J + |'-l) = 0, 

a bicircular quartic having its foci in common with 8^ which 
it cuts at right angles at the points of contact of tangents 
from (a, /8), and having a node at the foot of the per- 
pendicular from (a, 13) on its polar with regard to 8. 

Hence the complete locus for the three systems of variable 
conies consists of three confocal conies and three nodal 
bicircular quartics. 



66 Examples and Prohlems on Conies, 

128. A system of conies passes through two fixed points 
and has double contact with a fixed circle; show that the 
locus of the foci consists of two confocal conies and two 
bicircular quartics. 

129. A system of conies touches two fixed lines and 
has double contact with a fixed circle ; show that the locus 
of the foci consists of two pairs of lines and two circles. 

130. A system of conies passes through a fixed point, 
touc^jies a fixed line, and has double contact with a fixed 
circle ;« show that the locus of the foci consists of two conies 
and two bicircular quartics. 

131. A system of conies has double contact with a fixed 
circle and touches two fixed conies haying double contact 
with the circle; show that the locus of the foci consists of 
eight conies and eight bicircular quartics (see Salmon's 
Conies^ Art. 387, Ex. 1). 

132. A system of conies touches two fixed parallel lines 
and has double contact with a fixed conic; show that the 
envelope of the asymptotes consists of two conies, concentric, 
similar and similarly situated with the fixed conic. 

133. A system of comes has double contact with two fixed 
confocal conies ; to find the locus ofthefod* 

Let 2 = aV + 6V-l = 0, S' = a'^X"+iV-l = ^> 
where a"*-*a* = J"-i' = A*, 

be the equations of the fixed conies in tangential coordinates ; 
then the equation of the system which have their centres 
on the axis major of 2 and 2' may be written 

^W(cX+l)« + 23(&'«S + i''2') + **(c^-ir = 0; 
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and the equations /or determining the foci give 
where ^ = j^^ {*' (•*' + 1) - 2 (J- + b") ^}, 

Hence, besides the axis of or, the locus consists of the 
two circles 

The equation of the system which is concentric with 2 
and 2' may be written 

A* cos^ {X"" - /A») + 2A" Bin&Xfi + 2 + S' = 0, 
the equations for determining the foci giving in this case 

a;««y«-c"-A*cos^ = 0, 2a:j^ - A" sin^ = ; 
hence the locus is the oval of Cassini 

The locus of the intersection of rectangular tangents to S 
and S' is the director circle of every conic of this system ; 
and, if A* = — (a'' + J*), all the conies of the system are 
equilateral hyperbolas. 

134. The differential equation in elliptic coordinates 

dfi dv ^ 

V{/^» - a") (a ^ - h:')} * Vl(v- - a«) {a' - v^)} ""^ 

represents a system of conies having double contact with the 
confocal conies i/ = a, /tt = a ; for the integral of the equation 
may be written in either of the forms 

^/.V;h5V{(/t'-a«)(v'-a')}+ (7=0, 
^>v + B V{(a'" - /**) {a" - 01 + C = O; . 
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, IL. _1 ^^I^MI ^m^ ■■■■■III III ■! I Ml I '^ 

where Aj B^ &c. are constants, and fiv = cxy 

V{(/*'-a'')(v''-a')}=a&^(l-^;-^), 

V{(a'" - /*«) (a- - v")} - a'b' ^ (l - ^. - f^,) . 

This system of conies have their centres on the axis 
major of the given conies. The differential eqnation of the 
system having their centres on the axis minor is 

/*^M _ ydv 



135. The differential equation of the system which is 
concentric with the given conies is 

If two of this system cut at right angles, their intersection 
lies on the bicircular quartic 

[x' + yy - (a' + a") x' - (i« + V') f + a^d' + J'y« - 0. 

136. Two conies of the same system are described through 
a point to have double contact with two confocal conies ; show 
that they make equal angles with the conies confocal with the 
given ones which pass through the point. 

137. To find the differential equation in elliptic coordinates 
of the evolutes of a system of confocal conies. 

The evolute of /it = a, is 

(aVV) J + {b' [fi* - c') {c' - v')}h - c« = 0. 

Now this is the relation which exists between fi^ v and a, 
when it is possible to determine X., so that the expression 
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may be a perfect cube. Hence, if 

{x - fi') ix - v') {X - a") = ^ (a;), 

•we have \<f> {x) = {px + q)' — x{x — c"). 

Differentiating this identity, and substituting /*', v' and a* for x 
in succession, we obtain 

in." (m' - C)}! + <t>' (/*«) "' 



therefore, since 



'd{a'dp + dq) _ 






It follows from this equation that only one real curve of 
the system passes through a point. 

138. If t) Pj n be the tangents drawn from the centre of 
an equilateral hyperbola to the circumscribing, polar, and 
nine-point circles of a triangle whose area is A, and t'j p\ n' 
be the corresponding values for the reciprocal triangle, show 
that 

t' t" , A ,, ,, A' , 



139. To find the condition that a conic S^ should circam^ 
scribe a triangle whose reciprocal with regard to S^ is self" 
conjugate with regard to S . 
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We must have = 0, between 8^ and the reciprocal of 8^ 
with regard to 8^ ; we find thus ^^^3^^ =■ A0,gg, where A is 
the discriminant of 8^ and 0jgg, &c. are the coefficients of the 
several powers of Z, m, n in the discriminant of l8^'\-m8^-^ n8^. 

/8, = a;* + / - 2a,a; - 2/3^ + A;,^, 

^ ^ a 
we have 

A;V - 2 (a\a, + i'^iS^/S,) ,+ a* + i* - 0. 

Hence, when 8^ and 5^ are iixed, 8^ cuts orthogonally the 
circle 

K {^ + /) - 2 Aa: - 2i''/3,i^ + a* + &* = 0. 

140. Show that the intersection of the perpendiculars of 
a triangle formed ^bj three tangents to an equilateral 
hyperbola and the centre of the circle passing through the 
points of contact of the tangents are conjugate with respect 
to the curve. 

141. If a conic 8^ touch the sides of a triangle whose 
reciprocal with regard to 8^ is self-conjugate with regard 
to 8^j show that €>8„€>g,j = 4>, where 4> is the invariant which 
corresponds in tangential coordinates to 0^28* 

142. If a conic 8^ circumscribe a triangle whose reciprocal 
with regard to 8^ is inscribed in 8^^ show that 

(0«.0». - AQJ" = 4 A' (0..,©.„ - *). 

143. If a conic U be such that an inscribed and a self- 
conjugate triangle are reciprocal with regard to a conic F, 
show that 0' = 2 A0'. 
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If Er= (a; - a)' + (^^ - /3)» - 7^, 

we have (a» + /3*^-.r7- 2 (aV + 5'y8») + a* + 5* = 0. 



144. K a codIc ^be such that a circumscribed and a self- 
conjugate triangle are receiprocal with regard to a conic F, 
show that 0" = 2 A'0. 

145. If a conic U circumscribe two triangles which are 
reciprocal with regard to a conic F, we have 

e»-.4A00' + 8A'A' = O, 

which is also the condition that U should circumscribe 
quadrilaterals circumscribed about F. K 27 be a circle 
and V an equilateral hyperbola, the areas of the triangles 
are equal. 

146. If*two triangles, reciproc^al with regard to a conic U^ 
be such that their centroids are conjugate with respect tcT 
the curve, show that a conic circumscribing either triangle, 
so that the tangent at each vertex shall be parallel to the 
opposite side, will pass through the centre of 27. 

147. Let lines drawn from the centre of a conic to the 
vertices of a triangle whose area is A meet the sides of 
the triangle in i, il/, A^; if the area of the triangle i, M^ N 
is equal to A^ and A\ A' be corresponding values for the 
reciprocal triangle, show that 

A_£ 
A "" A' • 






■■I 
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148. A system of conies passes through the four points 
determined by the equations in rectangular coordinates 

show that the locus of the vertices consists of the two cubics 
(a-&)a:i^»+5r(^«-.aj«)-2/icy-.A:»(«ar + ^) = 0, 

These two cubics pass through the points of intersection 
of U and V and the vertices of the common self-conjugate 
triangle of U and F, cutting each other at right angles at 
these seven points. 

149. Let the tangent to an hyperbola at a point P meet 
the asymptotes in ^, J?; if perpendiculars to the asymptotes 
at A^ B meet the normal at P in A'^ B^ show that the middle 
point of -4', -B' is the centre of curvature at P. 

x^ v' 

150. If six osculating circles of the conic i + tj — 1 = 

be described to cut orthogonally the circle 

aj* + y' + 2^aj+2/5^+c = 0, 
show that their centres lie on the conic 
{2gx + 2fy H- c)* - (a" -f 5') [2gx + 2fy + c) 

-3(aV + iy) + a* + 5*-aW=::0. 

151. If the osculating circle of a conic cut the director 

circle at an angle .5, show that co8^ = -^ , where p is the 

perpendicular from the centre on the tangent at the point 
of contact^ and k is the radius of the director circle. 
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152. -4, -B, C are three points forming a triangle inscribed 
in a conic, so that the tangent at each vertex is parallel to 
the opposite side; P is any point on the curve. If PA^ 
PBj PG meet the opposite sides of the triangle in i, Jf, Nj 
show that the area of the triangle LMN is double that of 
the triangle ABC. 

153. Two conies D and V are inscribed in the same 
quadrilateral, the focus of Z7 being the centre of F; show 
that the points of contact of V with the sides of the quadri* 
lateral lie on a circle. 

154. If the two conies described through a point P to 
touch four fixed lines cut orthogonally, show that P lies 
on the circular cubic, which is the locus of the foci of conies 
touching the lines. 

155. If F be the focus of a parabola passing through 
three points Aj B^ (7, show that a circle, touching the lines 
which bisect JP!4, FB^ FG at right angles, passes through 
the centre of the circle circumscribing the triangle ABG. 

156. If two circles touch the sides of triangles self- 
conjugate with regard to a conic 5, show that their centres 
of similitude are conjugate with respect to 8, 

157. Two conies are described through P to touch the 
lines -4, J?, C, jD, and two to touch -4, J?, (7, E. If the 
tangents to the conies at P have a constant anharmonic ratio, 
the locus of P is a conic touching D and E, 

158. To find the locus of the intersection of rectangular 
tangents to the conies whose equations to rectangular a^es are 

ax'' + ly" + 2^a; + 2/y + c = 5 = 0, 

ia?' + ay-l=/S' = 0. 
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If B be the angle which a tangent makes with the axis^ 
we have, from the equations of the pairs of tangents which 
pass through {x^ y)^ 

8 (a C08'.S + b sin'.S) = {{ax + g) cos^ + {by +/) sin^}", 

8* {a cos*.S + b sin*^) = {bx sin.S - ay cos.S)' ; 

whence, by division, if -7^7'= it*, tan ^ = ^-^ — = ^ . 

' •' ' o ' libx-by-f 

Substituting this value of .9 in the equation of the second 

pair of tangents, we obtain 

8'{a{iibx-by''fYJtb{tmyJtax^g)] = {ab{x^-\-y')^bgx-{-afi^^^ 

or, restoring the value of /*, 

db8{l + 8') + 8' {ab8+ af + bg^ - ahc) 

+ 2a5 sj{88') {{a -^xy^ gy -fx] = {ab (a;*+ y*) + bgx + afy]\ 

Now {ab {a? + y") + bgx + a/^}' 

identically ; therefore we have 

{{a^b)xy-\'gy-fxY + 2^/{88'){{a^b)xy + gy--fx} + 88' 

_ af*+ bg*^ahc 



or 



{(a - 5) 0^ + ,y -A ± ^(?^^±fc^)}^ ^5', 



which represents a pair of bicircular quartics, each havings 
quartic contact with the two given conies. 

159, If the tangents to the conic -5 + ^—1 = from 

{Xj y) form a harmonic pencil with perpendiculars to the 

x^ y* 
tangents to the conic -75 + —^ — 1 = from the same pointy 

show that the locus of (a?, y) is the bicircular quartic 

(x'+yy - {a' + a-") x* - (^ + b") f + aV + VV^ = 0. 
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160. If the tangents from a point P to the* ellipse 

a 

contain an angle a, show that the tangents from P to the 
hyperbola 

^« _ y; __ 4a'y+(a'-y)'8in^a 
a- i^"" (a^-i^jsin'^a 

ipontam an angle j8, where 

161. A conic passes through four fixed points; prove 
that the locus of the pole of a given triangle with respect 
to the conic (Salmon's Conies^ Art. 375) is an unicursal 
quartic, of which the vertices of the given triangle are nodes. 

162. A conic touches four fixed lines; prove that the 
locus of the pole of a given triangle with respect to the 
conic is a conic circumscribing the given triangle. 

163. A triangle is inscribed in a given conic so that 
the polar of a fixed point with respect to the triangle is a 
fixed line; show that the triangle is circumscribed about 
a fixed conic. 

164. If S be the sum of the squares of the lengths of 

the six chords of intersection of the conic -« + ^ *~ 1 = 0, and 

a ' 

the circle [x — a)' -f (y - PY - ^' = 0, show that 

For the parabola y^-px^% 2 = 4(S*-p'*), where S is 
the intercept of the circle on the axis. 
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165. A conic passes through four fixed points ; show that 
the right line which passes through the middle points of the 
diagonals of the quadrilateral formed hy drawing tangents 
at these points touches a conic. Show also that the right 
line, which passes through the intersections of the perpen- 
diculars of the four triangles formed by the same tangents, 
passes through a fixed point. 

166. Given four conct/clic points on a conicj to show that 
perpendiculars at these points to the focal radii vectores are 
all touched by the same circle. 

Eliminating r between the polar equation of the conic 

r = , jr- , and the circle r*— 2r (a cos^ + ^S sin.S) + A;" = 0, 

1 + e co8»c^ ' ^ 

we have 

? - 2Z (1 + e cos^) (a cos^ + /3 sin^) + ** (1 + e cos3)" = 0, 
and expressing that the line 

X C08.S + y sin.9 = r = ^ 

^ 1 + e cos^ 

touches the circle {x - a')* + (y — iS'f — r'* = 0, we have 

(a cos^ + fi' sin^ - r') (1 + e cos^) - Z= ; 

and these two conditions coincide, if 

la'^2la-ek\ /8' = 2/3, Ir' ^k\ 

167. Show that the polar circle of the triangle formed 
by three tangents to an equilateral hyperbola touches the 
nine-point circle of the triangle formed by the points of con- 
tact of the tangents at the centre of the curve. 

168. A conic passes through two fixed points and touches 
two fixed lines ; show that the envelope of the director circle 
is one or other of two nodal biclrcular quartics, the node 
common to each being the intersection of the fixed lines. 
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169. Two circles are described through two points Aj B- 
on a conic to touch the curve elsewhere ; show that the angle 
between the circles is equal to double the angle which their 
points of contact subtend at A or B. 

170. A parabola passiBs through three fixed points; show 
that the locus of the intersection of the perpendiculars of the 
triangle formed by drs^wing tangents at these points is a 
curve of the fourth class. 

« 

171. A conic circumscribes a triangle so that two of the 
vertices are at the extremities of conjugate diameters; show 
that the locus of its centre is a conic with regard to which 
the given triangle is self-conjugate. 

172. A conic passes through three fixed points A^ B^ C] 
if the diameter of the conic parallel to AB be given in 
length, show that the locus of its centre is a conic, whose 
asymptotes are parallel to AGj BCj and with regard to 
which G is the pole of AB. 

173. If from any point of the quartic curve 
2(.«+y)(l_g+|')_(a«-6«)g-|)=0, - 

tangents be drawn to the hyperbola 

show that the sum of the squares of their lengths is equal 
to a'-i^ 

174. Given a vertex and two points on a conic, show 
that the locus of its centre is a cubic, of which the given 
vertex is a node. 
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175. If a chord of ao equilateral hyperbola subtend a 
right angle at a fixed point, show that the locus of the 
middle point of the chord is a curve of the third order. 

176. A point P moves along a right line ; show that the 
locus of the foot of the perpendicular from P on its polar 
with regard to a conic is a circular cubic passing through 
the foci of the conic. 

177. Show that the line 

(a'-y)(Z^-wy) = a'* + i' + 2aicot^V(a'P+iV-l) 
passes through the two points on the conic 

X V 

„, + |-i=o, 

at which the chord Ix-k-my^l subtends the angle ^. 

178. A circle passes through the centre of the conic 

show that the product of the perpendiculars from the centre 
of ;S on a pair of chords of intersection of 8 and the circle 

is equal to -5315 • 

179. A circle touches two fixed tangents to a conic; 
show that a pair of its chords of intersection with the conic 
are parallel to given lines. 

180. A circle passes through two fixed points on a conic ; 
show that the extremities of one of the diagonals of the 
quadrilateral formed bj the common tangents of the circle 
and the conic lie on a given confocal conic. 
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181. A circle S cuts the circle S = x^-\-y*''k^=^0 ortho- 
gonally, Und toaches the conic 

V^asi?-{-br/^'\'2hxt/-{'2gx + 2/y + c = 0'y 

show that the equation of the reciprocal polar of the locus 
of the centre of 2 is the trinodal quartic 

{k'V'-c8)^ + U'{gx+fy-{-cy3^0. 

182. Three fixed points -4, jB, are taken on an hyper- 
bola so that their centroid lies on the curve ; if lines be drawn 
bisecting PAj PB^ PC at right angles, where P is a variable 
point on the hyperbola, the centroid of the triangle so formed 
will lie on a line which passes through the centre of the circle 
circumscribing the triangle A, B, C. 

183. Thfe centre of the circle passing through a point P, 
and the point of contact of tangents from P to the conic 

lies on the director circle of S'y show that the locus of P 
is the bicircular quartic 

where a^^a^ — hK 

184. Let Ay Bj C be three points on a conic U^ and 
2 a circle having double contact with U at points on a 
parallel to its minor axis. Let ^, t' be the lengths of the direct 
and transverse common tangents of 2 and the circle cir- 
cumscribing the triangle -4, P, (7, and let p^^ p^^ p^^ p^ be 
the perpendiculars from the centres of the four circles which 
touch ABy BCj CA on the chord of contact of 2 and ZZ 
Show that ^<" = ^!Pii>8i>a2^4) where e is the eccentricity of U. 
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1 : 

185. 8j H are the given foci of a conic ?7, and 8\ H' of 
a conic F; if 27 and F are similar, show that their common 
tangents envelope a conic which touches the lines 88'^ 8H\ 
8'H, HE'. 

186. The pairs of tangents from a point P to two con- 
centric equilateral hyperbolas contain equal angles; show 
that the locus of P is an equilateral hyperbola concentric 
with the given ones. 

187. The perpendicular to a chord of a conic at its middle 
point passes through a fixed point on one of the axes of 
the curve ; show that the chord touches a parabola, of whicb 
is the focus. 

188. From any point of the circle a3"+y*=a' + i*+ A* 
pairs of tangents are drawn to the confocal conies 

show that the difference of the squares of the reciprocals of 
their lengths is the same for each pair. 

189. A triangle is circumscribed about a conic so that 
the lines, which are drawn from each vertex to the point 
of contact of the opposite side with the circle escribed to 
that side, intersect on the curve; show that the circle 
inscribed in tlie triangle formed by the middle points of the 
sides passes through the centre of the conic. 

190. Through the points on the conic -^ + ^,- — 1 = 0, 

whose eccentric angles are a, ^, — a, — )8, a circle is described ; 
if ^ be the angle subtended by a, fi at the centre of the circle, 

show that tani^ = T tanj (a-^S). 



Exc^mphs and Problems on Conies. 81 

191. If from points on the line Xa: + /*y + v = 0, normals 

be drawn to the conic -« + Ta — 1 = 0, show that the poles 

a 

of the chords joining their extremities form a quadrilateral 

inscribed in the cubic 

\x ( y\ fiy ( Qi?\ V (oi? y\ ^ 

192. If the foot of the perpendicular from a point P on 
its polar with regard to the conic — + /« "* 1 = ^ move along 

the right line Xa; + /i.y + v = 0, show that the locus of P 
is the cubic 

193. Two tangents to a conic, whose foci are given, pass 
through fixed points on the axis minor, show that the locus 
of their intersection is a circle passing through the foci. 

K the tangents, instead of passing through fixed points, 
are parallel to fixed lines, the locus is an equilateral hyper- 
bola passing through the foci. 

194. Given two similar parabolas, show that a right 
line, which cuts off from them areas which are in a constant 
ratio to one another, touches a parabola similar to the given 
onesf 

195. A variable tangent to a conic whose point of con- 
tact is P meets a concentric, similar, and similarly situated 
conic in -4, -B; show that the lines joining -4, B to the 
points where the normal at P meets the axes of the conic 
are inclined to AB at constant angles. 
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196. Show that tangents to the parabolas 

iSny' + aaj + c^O, /8' = a;" + % + c' = 0, 
intersect at right angles on 

(2aJxy - aVx - a% - ci* - cV)* - Aa'b'SS' = 0, 
a nodal circular cubic having triple contact with 8 and 8\ 

197. Show that the polar equation of the evolute of a 
parabola, referred to the focus, maj be written 

(^y=(cosi5)i-(8ini5)f. 

If the evolute cut a confocal parabola at an angle ^, 
show that cot' ^ = cot ^5. 

198. A triangle is inscribed in the parabola 

and circumscribed about the parabola 

{ax + fiyY - ipfil'x + yai/ - pfiy -Oj 
show that the normals to U at the vertices of the triangle 
pass through a point, and show that the locus of this point 
is a right line. 

199. Tangents to a parabola intersect on a parabola 
having the same focus and axis ; show that the product or 
ratio of the tangents of the halves of the angles which they 
make with the axis is constant. 

200. Three circles osculate the parabola y^^px^O at 
the points y^ y^, y^] show that the equation of the circle 
which cuts them orthogonally is 

(yiy8+y.y.+y.yi)(^+»*)-i(»i+2^a)(y8+y8)(»8+y,)y 

- \ b/'y' -^ y'y' + yX' + y^y^y^ (yi + y. + y.)} ^ 
p 

+ i {y. V + yX + y. V + y. y.y. {y.+ y. + y.)} + ^-^^p^ = o. 
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If four oscttlatipg circles be cut orthogonallj by the same 
circle, show that S - = 0. 

y 

201. Show that there are a real pair of lines passing 
through the points of intersection of the point circle 

and the conic -? + ^ - 1=0, 

a a* 

whose equations are 

JJf=i^_V(c'-0|- - fa/* - J VO*' - c")} = 0, 
a c 

where /t, v are the elliptic coordinates of {x'j y*). Show 
also that 

If - cosi (a + /3) + 1 sin i (a + i8) - cos i (a - )8) = 
a f> \ 

be the equation of a chord of the conic, show that the elliptic 
coordinates of the antipoints (Salmon's Curves^ Art. 139) 
of its extremities are given by 

/Lt = ccos{5±J(a — ^)}, v = ccosJ(a+i8), 

where cos5 = -. 

c 



202. Given five lines 

a=a?cosa + y sina-p = 0^&c,^ 



84 
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touching the parallel curve of a conic, the locus of the 
centre of the conic is 



0J* /Q« ^J^ X* e* 

a, /3, 7, d, s 

a, ^, 7. S, e 

cos2a, cos 2)8, cos 27, co328, cos 26 

sin 2a, sin 2^, sin 27, sin2S, sin 26 



1, 1, 



1, 



1 



=0, 



which represents a curve of the second order, as terms of 
the third order vanish identically. 

203. A conic whose foci are F^ F' is inscribed in a 
triangle ; if F lie on the polar circle of the triangle, show 
that an equilateral h}rperbola can be described having F' 
for centre and passing through the feet of the perpendiculars 
from F on the sides. 

If F lie on the inscribed circle, show that a parabola 
can be described having F' for focus and passing through the 
feet of the perpendiculars from F' on the sides. 

204. If P be the principal parameter of the parabola 
osculating a curve at the point (a;, ^), show that 

542** 



P= 



where 






dx 



d^ 



205. If x\ y' be the coordinates of the centre of the 
equilateral hyperbola osculating a curve at the point (a;, y)^ 
show that 



X 3=5aj + 



:«„a\ ) 



(92* - 6prq' + r* +^ V) 

,,.-,,, 3g(l+p')(pr-3g') 
* ~^'^92*-627r2«+ r'-f/jV * 
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206. If p be the radius of curvature of the locus of the 
centre of the conic osculating a curve at the point (a;, y\ 
show that 

_ (9g* - 6j9rg* -f rV y V)f (9g'^ - 45grg + 40r') 



207. A triangle is circumscribed about the conic 

and inscribed in the circle (a; — a)* + (y — /8)* — r* = ; if « be 
half the sum of the angles subtended by the foci of the conic 
at the vertices of the triangle, show that 

a' + /S* — r' — g' = 2ar C085, c^ = ar sin5. 

208. A circle circumscribing a triangle circumscribed 
about a conic meets the conic in A^ B^ G) show that the 
algebraic sum of the diameters parallel to^ AB^ BGj CA is 
equal to zero. 

209. A triangle is inscribed in the conic -5 + ^-1 = 0, 

the semi-diameters parallel to the sides of which are b^^ &,, h^ ; 
if the circumscribing circle of the triangle cut the conic at an 
angle <f>^ show that 

aft cot ^ - ± ^ j^. _ ^,^ ^^^, _ j^,^ ± - ^ j^. _ j^,^ ^ j^. _ j^.j 

va.V(a'-V)(y-&.') 

the variation of signs corresponding to the four values of 0. 

210. A triangle is inscribed in a parabola, the sides of 
which make angles a, i8, 7 with the axis of the curve; if the 
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circumscribing circle of the triangle cut the parabola at an 
angle ^^ show that 

, sin'g -f sin*/8 + sin'y — sin* (a -i- ^ + 7) 
^ ^"" 2 sin (^ + 7) sin (7 + a) sin (a + )8) ' 

the three other values of ^ being obtained by changing the 
signs of a, /S, 7. 

211. If « be the sum of the angles at which the circle 
a;* + y'-2aa;- 2/8y + A;' = cuts the conic -5 + s -1 = ^> 

show that 

8a*J*a)8 



**^* " c» (a* + J- + kj - 4 (aV - b'^) ' 
If the same circle meet the parabola y^— 4anx = 0, show that 

4wi^ 



tan« = 



k + 2ma - 3m 



» • 



212. Show that the product of the lengths of the common 
tangents of the circle (a; — a)' + (y - /8)* — r' = and the conic 



-^+73— l = Ois equal to 
a o ^ 



(A.''-V)'(A,''-V)''(A/-V)' 
cV* - 2c«/ (a'i8« - 6V) + (a";8» + 6V)' ' 

where h*^ h*, h* are the roots of the equation 



213. Show that the products of the lengths of the common 
tangents of the circle (a; — a)* + (y-/8)* — r* = and the 
parabola y^ —px = is equal to 
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where A,, i,, k^ are the roots of the equation 

(k+l) (iwi'A* 4 imak + r^- fiTk = 0. 

214. K X be determined by the equation 

show that 

breaks up into two circles. 

215. P, P' are the points of contact of a common tangent 
of two conies ; if (7 be the centre of one of the conies and A 
the area of the triangle CFF\ show that, taking the four 

1 > 

common tangents, 2 -j^ 0. 
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IL — Examples and JProbhms on Cubics. 

216. If a triangle be inscribed in a cubic so that the sides 
meet the curve again in three points on a line, then there are 
four pairs of conies such that each pair will touch all the 
tangents drawn to the curve from the vertices of the 
triangle. " 

The cubic referred to such a triangle can be written 

ax [y^ + «*•) + by [z* + x^) + cz [x^+y") + "^dxyz = 0, 

and the tangents drawn to the curve from xy are then 

{c (aj* + y*) 4 2dxyy — 4:xy {ax + by) [ay + &r) = 0, 

or (a;* + y" + 2f,ajjr) (aj* + y'' + 2t^xy) = 0, 

where ^j, t^ are the roots of the equation 

cV-2(c6Z-aJ)« + (f-a«-J«=0. 

Now three pairs of lines, whose equations are 

y' + «* + 2/y« = 0, «* + aj' + 2^«a? = 0, aj' + y* + 2Aa?y = 0, 

are all touched by the conic whose tangential equation is 

X"* + M* + V* - 2//IAV - 2^v\ - 2AX/Lt = 0; 

hence we see that the twelve tangents to the cubic are all 
touched by the pair of conies 

where 

four such pairs being obtained by the variations of sign. 
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If a + 6 + c + rf = 0, the curve has a doable ^ point at 
x — y — Zy and the tangents drawn to the curve from the 
vertices of the triangle are all touched by the conic 

217. If a triangle be inscribed in a cubic so that the 
tangents at the vertices pass through the same point on the 
curve, then four pairs of conies can be found such that each 
pair will touch all the tangents drawn to the curve from the 
vertices of the triangle. 

The curve, referred to such a triangle, can be written 

oa? (y* - «') + Jy («' - a:^) + c« ( a;* - y '') = 0, 
and the tangents drawn to the curve from xy are then 

a:» + y'+2«jajy = 0, aj' + y* + 2«,ary = 0, 
where t^^ t^ are the roots of the equation 

cV + 2abt + a* + 6* - c* = ; 

* 

thus we see that the twelve tangents are all touched by the 

pair of conies 

tr+ F=0, U- F=0, 

where 

rr ^9 « • 2Jc 2ca ^ 2ab^ 

±2V{(c'-a')(c«-5*)}^, 

four such pairs being obtained by the variations of sign. 

218. If 8 and Tare the invariants of the cubic 
U= ax (y* + «*) + by («* + aj*) + c« (a* + y*) + 2dxyz = ; 
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show that iff = 35 - A\ r= 4.A (2^* - 95), 

T" + 64S* = 4325" (45 - A\ 

where -4 = a* + &*+ c" - ef , 5= aV + JV + cV - 2aJcrf. 

Also show that when 5 vanishes the curve breaks up into 
a line and a conic, and that when A^ = 45 the curve has a 
node at one of the points aj*s=y*=s «*, 

219. If a;, ^, «; be a point on the cubic 27, the points x^y^z\ 

-,-,-, are corresponding points on the curve. For 

corresponding points on the Hessian of the cubic 

B {bcx^ ■\' cat/^ -^ aiz*) - (Jcaj + cay + aJ«)' = a 
are easily seen to be connected bj the relations 

oex' = yy' = »»' = •= [bcx + cay + abz) {box' + cay' 4 oJ^'), 
and the Hessian of this cubic is the cubic Ui 

220. The circle passing through the feet of the perpen.'^ 
diculars from a point P on the sides of a given triangle cuts 
orthogonally a fixed circle; to find the hcus of P. 

The equation of the circle passing through the feet of the / 
perpendiculars from a, ^3, 7 on the sides of the triangle of 
reference is given in Salmon's Conies^ Art. 132, Ex. 7. 
Expressing that this circle cuts orthogonally the circle 8 
which we write 

/8= {la + mfi + ny) (a sin-4 + ^ nn5+ 7 sin C) 

+ k (a* sin -4 cos -4 + )8" sin 5 cos 5+ 7^ sin C7cos (7) =s 0^ 

we obtain the equation of the locus : 

£7= {m sm C+ n sin5) a (/8"+ 7') + (n sin-4 + Z smO) iS (7*+ o^ 

+ {I sin5+ m sinA) 7 (a* + )8") 

-h 2(1 Bin A + m sin5+ n sin (7-1- h An A 8in5sin C) afiy « 0^ 
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which represents a cubic circumscribing the triangle and 

meeting the sides again in three collinear points. From what 

111 
we have seen the points a, iS, 7 ; - , ^ , - are corresponding 

points on the locus, and hence by writing the equation of U 
in the form 

{la + mff + ny) [ffy sin A + 7a sin -B + a^S sin C) 
+ [Ifiy + mya + na/8) (a sin-4 + ^8 sin J5 + 7 sin C) 

+ 2k sin^ sin^ sin CajSy = 0, 
it appears that corresponding points are conjugate with respect 
to the circle 
{la + mlS-^ny) {asinA-^-fistinB + yamC) 

+ ^k (a* sin-4 cos-4 4 ff* sin J5 cob-B+ 7* sin (7 cos 0) = 0. 

It can be seen otherwise that corresponding points on a 
cubic are conjugate with respect to a fixed circle; for corre- 
sponding points on the Hessian of a given cubic are conjugate 
with respect to all the polar conies, and one of the polar 
conies is, in general, a circle. 

221. To reduce the eqiuition of a cubic to the form 
t7Hfot(^ + 7*) + w/3(7* + a*) + w7(a' + /S") + 2pa/37 = 0. 
Let V be the cubic which has U for its Hessian (see 
Ex. 219), then the polar conic with respect to V of the point 
corresponding to o^ is a* — /8* = 0, which pair of lines, being 
at right angles to one another, form a harmonic pencil with 
the lines drawn from a/S to the circular points at infinity.. 
Expressing, then, that the line joining two fixed points 

^\i !/ii ^1 J ^«» ^aJ ^ft ^^ ^^* harmonically by the polar conic of a 
point (a;, y, z) with respect to F(= aj*'+ y' + «' 4 67/1 a?y«), we 
get the equation of a line 
{x,x^ + m {y,z^ + zjn^] x + {y,y, + m («,»,.+ x,z^} y 
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which meets U in the three points corresponding to the 
vertices of the triangle a/87. Since there are three systems 
^ of corresponding points, it follows that a cubic can be reduced 
to the required form in three ways. When 

IcosA + mcoHB+ncoB C—p = 0, 

the cubic is circular and has its double focus on itself, and 
then the curve can be reduced to this form in an infinite 
number of ways. ^ 

222. To find the locus of the middle point of corresponding 
points on a cubic. 

From Ex. 220 we see that a pair of corresponding points 
are foci of a conic inscribed in the triangle a, 0^ 7. Now, 
if a, /3, 7 be the coordinates of the centre of this conic, and a 
half the length of its major axis, we can deduce, by means of 
the expression for the pei*pendicular from the centre on a 
tangent in terms of the angles it makes with the axis, the 
relation 

sin^V(a"-a') + sin5V(a'-/8») + sinCV(a*-7')=0; 

but a* = /Ss the square of the tangent drawn from a, /3, 7 to 
the circle 8y hence we have for the equation of the locus 

sin^ ^{8 - a«) + sin 5 V(fif- )8^ + sin (7 V(^- 7") = 0, 

which, being satisfied by the line at infinity, represents a 
curve of the third order. 

We can obtain the equation of the locus otherwise. For, 
as can be easily seen, the line joining two poles of a line with 
respect to a cubic V meets the Hessian in a pair of corre- 
sponding points, and the two poles are harmonically conjugate 
with these points. Hence we have to find the locus of the 
poles of a line one of whose poles is at infinity. Writing V 
in the form aaj' + /9y' + 7«' + 8i;' = 0, where a; + y + « + v = 0, 
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and V is the line at Infinity, the given cubic (the Hessian of V) 

is h TT"^ hrr = 0, and the locus is 

ax py yz ov ' 

which, being divisible by v, represents a curve of the third 
order. When the given cubic is circular, the locus is circular 
and has two foci in common with the Cayleyan of F; and if 
it have also its double focus on itself, the loctis is a 
right line. 

223. A conic is Inscribed in a given triangle ; if the foci 
are conjugate with respect to a fixed equilateral hyperbola, 
show that they lie on a circular cubic which has its double 
focus on itself. 

224. Show that 

a (2/ - zY i-b (z - xY -V c {x -y)* = 
represents the nodal tangents, and 

{2bc + ca-i-ab)x + {2ca + a5 + Jc) y + (2ai + ic + ca) « = 
the line of inflexions of the cubic 

ao; (y — «) * + Jy (« — xf + c« (a; — y)* = 0. 

225. If the tangents at the vertices of a triangle inscribed 
in a cubic pass through a point, the cubic, referred to the 
triangle, can be written 

U=ax{y*-z^)-\-by {z^-x'^j+cz («'-/) + 2dxyz-0j 

from which it appears that the lines, joining the vertices to the 
points in which the opposite sides meet the curve again, pass 
through a point. 
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If 8 and T are the invariants of Z7, and 

«Za»+6'' + c» + t?, j = a^6» + JV + cV, r = a^bV, 

If Z7 has a cusp, 35 — 9r = 0, and a'* + b + c"' = 0. 

226. A triangle is inscribed in a cubic so that the tangent 
at each vertex passes through the point where the opposite 
side meets the curve again ; the cubic referred to the triangle 
can be written 

Ue X [ay^^bs?) +y (a«*+ &»")+« {(vx? + by*) + 2cQsyz = 0. 

K 3 (a + &) + 2o ~ 0, the curve has a node at the point 
x=^y = z^ and then 

aj* +y + «* — ajy — y« - «aj = 
represents the nodal tangents, and x\-y-\'Z^(^ the line of 
inflexions. 

If JjT be the Hessian of U^ 

from which it is evident that 3? •\'y*-\-z*^^xyz^O must 
represent the sides of a canonical triangle. Hence each 
vertex is the pole of the opposite side with regard to one of 
the canonical triangles. 

Thus, for the envelope of such triangles inscribed in the 
curve, £7bemg written 

a^ +y' + «' + 6wa?y« = 0, 
we have the equation in tangential coordinates 

and, since there are four canonical triangles, the complete 
envelope consists of four curves of the sixth class. 

By writing the tangential equation of the cubic in the form 
(a' + i8' + y*-12m*a^7)'-4(l + 8m»)2 = 0, 
we see that 2 touches the cubic in eighteen points. 
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For the nodal cubic the envelope is a curve of the 
fourth class. 

If a side AB oi one of such triangles meet the curve 
again in 0\ the point of contact of AB with its envelope is 
the harmonic conjugate of C with respect to -4, B. If 
{x\ y\ z') be the coordinates of the vertex opposite AB^ the 

equation of AB will be -j + ^ + -; = j& = 0; and, differen- 

if 

tiating this equation, subject to the condition 

a?" + y" + «" + Qmx'y'z' = 0, 
we find for the coordinates [x^j y^, z^) of the point of contact 

«t=o:'{p+s), y.=!f'{py+i»), «.=«'(i^+?9^, 

where p = x" + By" + S^z", j h a" + Sy + ^z", ^=1. 

But C (a;,, ^,, zj, being the tangential of (x', y'j e% has for 
its coordinates 

x, = x'{p-q), y, = y'{pB*-qB), z, = z'{pB-qBy, 

hence (a?,, y^, «,) and (a?,, y„ «,) divide harmonically the line 
joining the points x\ ,S*y', .9a'; x\ %', ^z*. Now these 
points lie on the line L and also on the curve; they are,, 
therefore, the points A^ B, 

227. A triangle is inscribed in a circular cubic so that 
the tangent at each vertex passes through the point where the 
opposite side meets the curve again ; show that the osculating 
circles at the vertices pass through the same point od 
the curve. 

228. Show that the curve 

2 {ax + iy + cz)* - (a + i + c) (oa? + 5y + czy {x-^y + z) 
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has a node at the point a? =3^ = 2^ and that 

represents the nodal tangents. 

If V« + Vi + V<5 = ^) the node becomes a cusp, and 
(J — c) a? + (c - a) y + (a — J) « = 
represents the cuspidal tangent. 

229. Show that the invariant 8 vanishes for the cubic 

{x + y + zf -24a:|y0 = O, 
and the invariant T for either of the cubics 

(a? 4 y + «)' - 6 (3 ± V3) ccyz = 0. 

230. A variable cubic is inscribed in two fixed triangles 
so that the points of contact of each of the triangles lie on a 
line ; to show that the point of intersection of these lines is 
one or other of six fixed points. 

If ABC J AB'C be the two triangles, the cubic can be 
written in either of the forms 

Hence we can deduce the identical relation 

ABG'\' XA'BC = D'F-^ \U^F\ 

from which it Is evident that the point DU (the node of the 
cubic L^F-i- XD'^F' = 0) is one of the six critic centres of the 
triangles ABCj A'B'C (Salmon's Higher Plane Curves^ 
Art. 192). 

Also F and jP', the satellites of B and B\ touch and 
intersect on one or other of six nodal cubics. 

Taking one of the critic centres for origin and writing 
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we may assume 

D^y + 0x, -4e»J?'=(fl*-25)aj+(l-2e»)3(-6^«, 
and then 

(y + ^^y {(^ - 25) aj + (1 - 2^) y - 6^«} + 4.0" ABC =: 

will represent one of the variable cubics inscribed in the two 
triangles. Since the parameter occurs in the sixth degree, 
and there are six systems corresponding to the six critic 
centres, it follows that thirty-six of the cubics can be drawn 
through a given point. 

231. Show that the polar conic S of a point P with 
respect to a cubic U meets the Hessian in six points, at 
which the tangents to 8 touch the Cayleyan, and the points 
corresponding to which are the points of contact of the 
tangents from P. 

282. A triangle is formed by three points on a cubic,' 
and another by three corresponding points of the same 
system ; if the triangles are homologous, show that each of 
them meets the curve again in three points on a line. 

233. If, in the preceding example, U be the conic with 
regard to which the triangles are reciprocal, show that the 
tangents to U from corresponding vertices of the triangles 
intersect on the cubic, and that if be any point on the 
cubic, and P, P' the points of contact of the tangents from 
to Uy 0, P, P' lie on a conic passing through the vertices 
of one of the triangles. 

234. A conic U has tripU contact vnth a cubic; to show 
that the six points on the cubicj at which the tangents touch U^ 
lie on a conic. 
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If x^ y^ z be the tangents at the points of contact, the 
cubic maj be written 

where a'+y'+ «■- 2y« - 2zx - 2xy = Z7; 

and then the locus of the poles with respect to the cubic of 
the tangents to 27 is found to be 

xyz (a? + y + «) + (aJ + Jc + ca) Z7* - 8 (cm? + % + czf U 

— 12ajy«(aa:+ Jy+c«) + {(J +c)y24 (c+a)0jj + (a + b) xy] J7= 0. 

Now this locus evidently touches the cubic at the three 
points of contact with U^ and meets it again in the six points 
at which the tangents touch U] therefore, putting 

xyz = — {ax + by-\-cz) U 

from the equation of the cubic, and dividing by U^ we 
obtain 

which represents a conic passing through the six points on 
the cubic at which the tangents touch U. 

235. / is an inflexion of a cubic, and A^ B are two 
points on a line passing through /; if a radius vector 
through / meet the curve in P, Q, show that the locus of 
the intersection of PA and QB is a cubic. 

Hence show, by letting A^ B become the circular points 
at infinity, that the cubics, whose equations to rectangular 
axes are 

a;(aiB' + 5y* + 2Aay + 2flra:-5JS;*)-l = 0, 

J«y {AV+ (A*+ J*- aJ)y* + 2&Aary + 2^% + AT} - A' = p, 

cut each other at right angles at three points on the line 
ia7 -i-byssQ, 
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236. Sbow that a line which meets the^cnbic 

and the line a? + y + a = in four points whose invariant 8 
vanishes, also meets the lines x^y^z^ x^-y-^-z in four points 
"whose 8 vanishes. 

237. Show that a line which meets the cubics 

[x-\-y-{'zY± kxyz = 

in six points in involution, is divided harmonically by the 
lines a?, y , fi, 05 + y + «. 

238. If two points are such, that the polar of each with 
respect to a cubic U passes through the other, show that 
their coordinates {x^ y^ z)^ {x\ y\ z') are connected by the 
relations 

XX -^-m {yz' +^«y') _ yy* + m [zx' + a?«') ^zz' + m [xy' + yx') 
yz' — zy* "" zx' — xz' xy' — yx* 

where Z7= a?' + y' + «' + Qmxyz^ 

'5"^ - «i" (a;' +y + ^j'^) + (1 + 2m') ajy«. 

239. Show that a point and the intersection of its polars 
with respect to a cubic U and its Hessian H lie on the same 
cubic of the system [74-XZf=0. 

240. Two conies are described through four points on 
a cubic, the tangents at which pass through the same pomt 
on the curve ; show that the line joining any point on 
the cubic to the intersection of its polars with regard to the 
conies passes through 0. 
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241. Lines drawn from a point P to three fixed points 
Aj B^ intersect three fixed lines respectively in three 
points which form a triangle of given area ; show that the ' 
locus of P is a cubic passing through Aj J9, C, 

242. Lines drawn from a point P to three fixed points 
-4, B^ intersect the lines jB(7, CL4, AB in three points 
which form a triangle homologous with a given triangle; 
show that the locus of P is a cubic passing through A^ Bj G. 

243. The points of contact of the tangents drawn from 
a point P to a conic U lie on a conic which passes through 
four fixed points ; show that the locus of P is a cubic which 
passes through the vertices of the quadrilateral formed by 
the polars of the fixed points with respect to Z7. 

244. A conic 8 meets the Hessian of a cubic U in three 
pairs of corresponding points; to show that 8 belongs to one 
of two systems of conies which have a common Jacobian. 

Writing the conic 

8= (a, J, c,/, g, h) {x, y, «)» = 0, 

and the cubic 

U= a;" + 2^' + a' + ^mxyz = 0, 

if we form the invariant of 8 and the polar conic of 
(a?, y, z) with respect, to Z7, we obtain • 

© = a (y« — 7w V) + J (^05 — w'y* ) + c {xy - 7w*«*) 

+ 2f{m^yz - mx^) + 2g [m^zx — my^) + 2h [m^xy - mz^). 

Now, by considering the case when the polar conic breaks 
up into right lines, we see that the conic © = passes 
through the six points on the Hessian corresponding to its 
points of intersection with 8, Hence, when 8 passes 
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— I I 111! ■ !■ . I ■! - - ^ 

through three pairs of corresponding points on the Hessian, 
it mimt coincide with 0, and, therefore, be of the form 

a {Xx^ + yz) -f b (\y* + 0a;) + c (\«' + xy\ 

where \ = w'±V(wi* — m), Vhich belongs to the system 
having the common Jacobian 

X (aj" + y* + «') - (1 + 4\'^) i»y« = 0. 

245. If the discriminant of the covariant conic vanishes, 
a conic 8 will meet the Hessian at the vertices of two 
triangles, such that each meets the curve again in three 
points on a line, and these two lines are the factors of 0. 

Hence, a triangle being inscribed in a cubic so that the 
sides meet the curve again in three points on a line, if the 
circumscribing circle 8 cut orthogonally a fixed circle, the 
locus of the centre oi 8v& one or other of three cubics. 

246. Given the six tangents drawn to a cubic from a 
point of the Hessian H^ to find the absolute invariant of the 
curve. 

The cubic being written in the form 

where aj+y + « + v = 0, the pdnt xy is on H^ and the tangents 
from this point to the cubic are 

{^c + \/df {ax^ + J/) - cd(aj+y)'= ^ = 0, 
(Vc- Vrf)" (aaj" + J/) - cd[xJtyY= ^'=0, 

which form, therefore, two sets of three satisfying the in- 
variant relation Q = (Salmon's Higher Algebra^ Art. 199) 
with' one another. If we write the discriminant of <l> + k<l> 
(which has a square factor when Q vanishes) 

(A - «) (A - /9) (A - 7)', 
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where 8=^ — ahcd^ 

— 2aJccZ (ai + ac + a(i + tc + cd+db). 

The tangents to the Cayleyan from ccy are also given in 
the same case, for the Jacoblau of <^ and (f>' is 

and a? + y = 0, ax^—hy^^O are the three tangents to the 
Cayleyan from xy. 

The Hessians of ^ and <f> are the tangents from ocy to jSI 

247. To find the length of the segment {t) which the tangent 
at any point of a cvhic intercepts on the curve. 

Suppose the curve, referred to the tangent and noroial 
at the point as axes of coordinates, to be written 

J7= [x cos 6^-\-y sin 0^ {x cos O^+y sin 0^ [x cos 0^ + sin ^3) 

+ aaj' + hy''^2hxy-\-2fy^ 0, 

where d^, &,, 0^ are the angles which the normal makes with 
the asymptotes ; then putting y = 0, we have 



COS^, C0S^,C0S^3* 

Now, at the origin. 



m * (f )'-^- 



dy 

and ap = — /, where p b the radius of curvature ; therefore, 
since the value of[-p) +(-7-) b independent of the axes 
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to which the curve is referred, we have referred to any axes, 

2p cos^^ cos ^3 cos ^3 
For the circular cubic 

?7= (a cos ^ + y sm 6) {x* + y") 4 a»* + Jy* + 2hxif + 2fy = 0, 

/{(dU\* (dU\^ 



we have t = 



dy)) _ V(^ v«0 



2pcosd 2/>cosd ' 

where r„ r^,, rj, r^ are the distances of the origin from four 
concyclic foci ; for, expressing the condition that x-^-iy —p = 
should touch the curve, we find 

p* + &c. - 4/* (C0825 + ;sin25) = 0, 

whence PiP^PzPa = "■ V^* (cos2^ + i sin 2^), 

and therefore r^rjrjr^ = 4/*, 

For the curve whose polar equation is 

r"cos3^ + 3Jr* + a' = 0, 

we have '^i' ^\ r^^{a^^Zbrj \^ 

r* 
and for the curve r*cos35 = a', ^ = #-77-5 — stj which is a 

*^[r^-a^)^ 

minimum when r^^a V2, For the curve r cos 3^ = a, 

2a 
which is a minimum when r = -7- . 

v3 

For the curves whose equations in rectangular coordinates 
are 
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we find 



'-♦V(^*)'l**^°-''i^/(*^^i)- 



respectively. 

For the cissoid {a — a:) y' — aj' = 0, 



V{(a-aj)(4a-3a?}}' 

248. -4, A' ; J5, J5' are two pairs of points on a cubic, 
such that the lines AA'j BB' intersect on the curve ; if P be 
a variable point on the cubic, and PA^ PA' intercept a 
segment d^ and PB^ PB a segment d' on one of the asymp- 
totes, show that ;j + ^/ = Ij where \ and /t are constants, 

249. To show that a line (S) meets a circular cubic at 
angles whose sum is equal to that which 8 makes with its 
satellite* 

If 8 be the satellite of S, and a, ^3, 7 the tangents to the 
cubic where it is met by S, the curve may be written 

a/37 - Wz = 0. 

If we write now a = ajcosa + y sina— ^, &c., where a?, y are 
rectangular Cartesian coordinates, we have for the conditions 
that the curve should be circular A;=l, a + i8+7 = 284-e, 
the latter of which equations gives the result stated above. 
Since for a non-singular cubic the coordinates of the satellite 
involve the coordinates of the line in the fourth degree, it 
follows that a line which meets the curve at angles whose 
sum is constant touches a curve of the fifth class^ 

If a line be written oa? + )8y + 7« = 0, its satellite with 
regard to the cubic 

a?' + / + «' + 6wa:ya= ?7=0 
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• « 

IS 

(a* - 2a^' - 2a7* - 6wi8'7*) a? + (/8* - 2/37' - 2)8a' - 6m7V) y 

+ (7* - 27a" - 27/3" - 6ma»/8*)« = 0; 

and, therefore, if the line intersect its satellite on « = 0, we 

have, after dividing by a' — /S", a0 + 2w7* = 0. Hence, a?, y 

being rectangular Cartesian coordinates, a tangent to the 

conic 

4a(/-3aj') + 3J = 

meets the circular cubic 

aj(aj"+y*) + a(y*- 3a?) + b^0 

at angles, whose sum ==0. 

For a circular cubic with a node the envelope is a 
curve of the third class. 

For a circular cubic with a cusp the envelope is a parabola, 
and if the sum of the angles = 0, the envelope touches the 
cuspidal and inflexional tangents. I{ s be the sum of the 
JEmgles at which the line 225 + my — 1 &= meets the cissoid 
(a - aj) y* - a?' = 0, we have 

3w(4aZ-l) 



tan« = 



4a(2w"-Z*) + 3Z' 



250. Show that, in a circular cubic with a node, the 
angle between two tangents which intersect on the curve 
is equal to double the angle subtended by their points of 
contact at the node. 

251. If two conies be described through four points on 
a circular cubic, the angle between the two chords in which 
the conies meet the curve again, is equal to double the 
angle between the axes of the conies. 

252. If a, a' ; 6, i' ; c, c' be three pairs of corresponding 
points on a circular cubic, show that ab'M.ca' = ac'.ba\cb\ 
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where aV denotes the length of the line joinbg the points 
a, 6', &c. 

253. If any point of a circular cubic be joined to four 
concyclic foci of the curve, the perpendiculars erected at 
the foci to the joining lines are all touched by the same circle. 
For any point of the cubic is a focus of a conic passing 
through the four foci (Salmon's Conies^ Art. 228, Ex. 10), 
from which, by £x. 166, the truth of the theorem becomes 
evident. 

254. If perpendiculars be dropped from any point of* a 
circular cubic on the sides of a quadrilateral formed by four 
concyclic foci, four lines joining their feet will form a 
quadrilateral circumscribed about a circle. This theorem is 

an interpetation of the equation ^ ^ = hM/J ^ Salmon^s 
Higher Plane Curves^ Art. 279. 

255. If any point P of a circular cubic be joined to four 
concyclic foci, the tangent to the curve at P is divided in 
a constant anharmonic ratio by the perpendiculars erected 
at the foci to the joining lines. 

From the equation of the cubic 

(6+ c) ft + (a- &) P8 = («+ ^)P«) 
(Salmon's Higher Plane Curves^ Art. 279}, we have, by 
differentiation, 

where ^,, &c. are the pomts in which the tangent meets the 
perpendiculars ; whence, eliminatbg />,, 

'a-h\ PN,.NJf^ 



P, V> + c) 



PN,.N,N,- 
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Also, from the equation 

{c~d)p, + {a + d)p, = (a + c)p^, 
in the same way we have 

therefore, eqnating the values of — , we obtain 

iv,^3.Jv;Jv;"(6+c)(a+(^)' 

To show that one of the conies described through P to 
touch the four perpendiculars is touched by the cubic at P. 
A circle 2 cutting orthogonally the circle 

and having its centre on the parabola 
can be written 

and the envelope of 2 is a circular cubic, of which the points 
of intersection of F and / are foci. Hence, the envelope of 
the polars of P {x\ y') with regard to 2, which will evidently 
touch the four perpendiculars, is 

{x + X*) [xx'+yy' - a (a; + a?') - ^ (y + V') + *'} + we (y + y')'= 0; 
but this conic, as can be easily seen, touches the cubic 
at x\ y\ 

256. Show that the tangent at any point P of a circular 
cubic is divided in a constant anharmonic ratio by the polars 
of P with regard to four fixed circles having double contact 
with the cubic, and show that this anharmonic ratio is equal 
to that of the pencil joining any point on the parabola jPto 
the centres of the four circles. 
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257. Two circles have double contact with a circular 
cubic, and a third circle is described through their points of 
contact; if P be any point on the curve, show that the 
tangent at P is divided harmonically at P, and the points 
where it meets the polars of P with respect to the three 
circles. 

258. If a variable point P of a circular cubic be joined to 
three centres of inversion A^ 6^ C7, and lines be drawn 
bisecting PA^ PB^ PG at right angles, the intersection of 
the perpendiculars of the triangle so formed will lie on a 
parallel to the asymptote through the centre of the circle 
passing through A^ P, G. 

This line is the directrix of the focal parabola corre- 
sponding to the fourth centre of inversion. 

259. If a variable point P of a circular cubic be joined 
to the points denoted by the letters 8^ U^ V 'm the figure ia 
Salmon's Higher Plane Curves^ Art. 278, and lines be drawn 
bisecting P8^ PU^ PV at right angles, the centre of the 
circle circumscribing the triangle so formed will lie on a 
parallel to the asymptote through the centre of the cirele 
passing through /&, 27, V. 

260. The point U (Salmon's Curves^ Art. 278) is that 
point on the mfinite branch of the curve from which the 
tangents to the oval contain a maximum angle. 

Since any conic meets a cubic, so that three chords of 
Intersection meet the cubic again in three points on a line| 
it follows that a circle meets a circular cubic, so that two 
finite chords of intersection meet the cubic again in two 
points which lie on a parallel to the asymptote. Bat the 
chord of contact of the tangents from U to the oval is 
parallel to the asymptote (Salmon's Curves^ Art. 150) ; hence 
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a circle can be described touching the curve at Z^and passing 
through the points of contact of the tangents from U to the 
oval, which shows that the angle between the tangents is a 
maximum. 

261. If y be the chord of curvature through a centre 
of inversion at any point P of a circular cubic, show that 

7 = — ^ — , where t is the length of the tangent from P to 

the circle of inversion, is the angle which the chord makes 
with the asymptote, and S is the projection on the asymptote 
of the segment of the tangent at P intercepted by the curve. 

262. A circular cubic having its double focus on itself 
passes through AA'j BE^ GO' the extremities of the three 
diagonals of a quadrilateral ; if P be any point on the curve, 
the relation holds 

MN.PA.PA'±NL.PB.PB'±LM.PG.PO'^0, 

where L^ M^ N are the middle points of the diagonals. 

For any point P on this cubic is the focus of a conic 
inscribed in the quadrilateral, and therefore the feet of the 
perpendiculars from P on the sides lie on a circle (the 
auxiliary circle of the conic) ; Ptolemy's theorem then 
furnishes the relation given above. 

263. A circular cubic has its double focus on itself; if 
a line through the double focus meet the curve again in 
A^ By show that the circle described on AB as diameter 
passes through two fixed points. 

264. Show that the circular cubics, whose equations in 
rectangular coordinates are 
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•cut each other at an angle equal to that between their 
asymptotes. 

265. Points on the cubic 

y(aj"+y»-c')-a(aj"+y*) = a, 

•connected by the relations 

awu'— yy' — c' = 0, a;y + yaj' = 0, 

are corresponding points ; if c? be the distance between such 
a pair of points, and S the di^nce of their middle point from 
the origin, shew that 

From this expression, it follows that the minimum value 
of (2 is 2 ^{ac) if 2c > a, but if 2c < a, the minimum value is 

V(a" + 4c«). 

266. The parabola 

(aj* — ^ — c') cos 2^ + 2anf sin20 

-(aj'+y"-2aaj-2/8y + *")s 27=0 

has triple contact with the circular cubic 

{y«+(aj-cn{y»+(aj + cn-(aj" + y*-2aaj-2/8y + *')« = 0, 

of which the points a; » ± c, y = are evidently foci, and since 
the cubic can be reduced to this form in six ways, it follows 
that there are six systems of parabolas having triple contact 
with the curve. 

Writing Z7in the form 

2 {x sin^ -y co80)* = 2aaj + 2^y- (A* + c" cos2^}, 

we have, differentiating with regard to ^, 

2{x sin^ — y cos^) (a?cos^ + y sin^) « c' sin20, 

whence, by division, 

{x cos^ + y sin^) {2aaj + 2)%- (A^^+c" co82^)} 

- c" sin 2^ {x sin^ -y cos^) rs o, 
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which represents a third conic passing through the three 
points of contact. Combining these three equations so as to 
obtain the equation of a circle, we find 

cos0{a (a?»+3^+c»)- (F+c*) a?};+8in0{/3(a:'+y"-c') -(**-c")y}; 

+ (aco80 + i8sin0)(aj* + y'-2aaj-2y8y + *") = Oy 

which is the equation of the circle passing through the three 
points of contact. This circle, therefore, passea through two* 
fixed points. 

The nine-point circle of the triangle formed by the points 
of contact passes through a fixed point (the middle point of 
the^ line joining the foci) y for an equilateral hyperbola having 
this point for centre passes through the points of contacts 
Writing J7in the form 

2l(aj-ia)sin0-(y-i/3>co8^}« 

=:2(acos0 + ^sin0] {xcos^-hysintf)) 

+ i (a sin - 13 cos^)* - (A* + c* co820), 

we sec that the axis passes through the fixed point ^a, ^13^. 
and that the tangent at the vertex touches the parabola 

(2ay + 2/3aj- a/3)*- 4(2ax - c*- **- 4/8")(2i8y - i'^^- c"-ia«) =0. 

If ^ be the principal parameter p^a cos^ + iS sin0 ; hence 
we see that the directrix touehes a parabola, and this para- 
bola, by considering two consecutive curves of the system,, 
is seen to be the locus of the intersection of the perpendiculars^ 
of the triangle formed by the tangents at the points of 
contact. Also the locus of the focus is a circular cubic witb 
a node at the point ^a, ^, and this cubic ia touched by the 
circle circumscribing the triangle formed by the tangents^ 
at the points of contact. 

267. Two parabolas of the same system described through 
a point P to have triple contact with a circular cubic 4:ut 
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each other orthogonally at P; show that the locus of P is 
a hicircular quartic. 

268. If t^, t^j ^j, t^ be the lengths of the tangents drawn 
from any point of the curve to a circular cubic, show that 

(<.'-0(C -C) 

is equal to the anharmonic ratio of the tangents taken in 
the proper order. 

269. Aj Bj C, D are four points on a circular cubic, and 
A\ Bj C\ n are the centres of the four circles circum- 
scribing the triangles ABG^ &c. ; if P be the point where 
the asymptote meets the curve, and F the double focu8| 
show that the anharmonic ratio of the pencil PA^ PBj 
POj PD is equal to that of the pencil P-4', FB^ FC\ FB\ 

270. If the tangent at a point P of a circular cubic meet 
the curve again in A^ and the asymptote in P, show that 
AB=^2PNj where N is the foot of the perpendicular from 
the double focus on the tangent. 

271. Show that any circle meets a circular cubic at 
angles the sum of whose cotangents =0. 

If a line meet the curve at angles a, ^3, 7, and the 
asymptote at an angle 5, show that 

cot a + cot)8 4 cot7 = cot S. 

272. A circle 8 cuts orthogonally the circle 

a?* +y' - 2a;'aj - 2y'y + A;' = 0, 

and passes through the points where parallels to the asymptote 
meet the circular cubic 

(a? + a) (aj* + y*) + i» + ?ny + n = ; 
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show that the locus of the centre of iS is the conic 

2 {my' + w - Za) y* + 2 w {;£ ■\-a)xy-{- m^x — w (A* + Q y == 0. 

273. A series of cirdes having the origin for cenU'e 
meets the circular cubic 

show that the locus of the centres of the quadrangle formed 
by the points of intersection is the quartic 

{ly - mxY [gx -^rfy + c) + {(a- i) icy + gy -M 

x{lm{ai? + y')-'{P-'ni')xy + 2maX'-'2lby + mg-'lf}=^Q. 

274. Show that the locus of the centre of the circle 
passing through the three centres of the same quadrangle is 
the cubic 

— 2{lx'{-my + a + b) [gx \fy + c) [Jbx + may + 2aJ) 

= W- ^ffY^ +/(« + *) - ^^1*+ W- mg)y-g[a'\-b)-j-k]\ 

275. Four lines 

ojcos^j+y sin^j— Pj = 0, &c., 
are tangents to the conic 

X. V 

„ COB Odd - svaOdd 

show that they form a quadrilateral inscribed m a fixed 
circular cubic. 

276. AA\ BB' are two fixed chords of a circular cubic 
which intersect on the curve ; if P be a variable point on the 
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curve, and a, /3 the angles subtended by AA\ BB at P, show 
that X cot a + /A cot^ = 1, where X and /a are constants. 

277. Let a point P be taken on the line bisecting at right 
angles the line joining two points jF„ jF„ then if p„ p^, p be 
the distances of a point from jP,, F^^ Py respectively, the 
equation of a circular cubic having P for a node, and F^, F^ 
for foci, is p, + p, = 2p. Transforming to elliptic coordinates^ 
i^j, F^ being the foci of the system of conies, this equation 
becomes 

where fi is the distance of P from the middle point of F^^ F^, 

If we take a point Q on the line joining F^^ F^j the equa- 
tion of a circular cubic having Q for a node, and F^^ Ft 
for foci is in elliptic coordinates 

where a is the distance of Q from the middle point of F^j F^. 

Three points of intersection of these two cubics lie on a 
line perpendicular to PQ, and the remaining points of inteiv 
section lie on the point circle {x — a)' + (y - fif = 0. At one 
of the points on the lin§ the two curves cut each other at 
right angles, for their differential equations are 

dfi vdv __ dfi ^^ ^(\ 

:jij,* _c«) * v{c' - F«) - "' vim'-c') * 7 -°' 

and at the two other points they cut each other at an angle 

= cos'* — 5- , where c = \FJ^^. If S be the distance between 
c 

the two latter points, 

«=y{(-'+/3')G-^-i)}. 

« 

278. Show that, in the preceding example, the CarteuJEui 
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coordinates x, y of a point ean be expressed rationally in 
terms^ of a and fi as follows : 

^"^ o'+zs' ' ^^ ?i:]8' — 

279. Two nodal circular cubics having their foci in 
<;ommon meet each other in three points on a line and four 
points on a circle; show that, at one of the points on the 
line, they intersect at an angle equal to that between their 
asymptotes. If this angle is right, show that the radius of 
the circle of intersection vanishes. 

A nodal circular cubic being written 

where p, p' are the distances of a;, y from the points ± c, 0, 
show that 

{0? + ^- 2r') (a' + /S") = 2c' (a* - /y), 

and that -^^f^* -?TF~» 

are the coordinates of the node. 

280. The equation of a nodal cubic, referred to the 
triangle formed by the inflexional tangents, may be written 
a?^ 4 y* + rf = 0, or in tangential coordinates X"^ + fi^ + v"* = 0- 
If we combine with the latter equation the equation of a 
point a?X4y/A + «v=aO, we get a biquadratic which deter- 
mines the tangents drawn from (a;, y, z) to the curve. 

Let us consider the cubics 

where w + v + 1^ =» 0. Then the discriminant of /+ kf is seen 
(a + ka'y^ + (6 + kb')'^ + (c + ic')-* = 0. 
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Let us suppose that this equation in k coincides with the 
biquadratic found above ; we must have, then, 

X = a + ka\ /A = 6 + kh\ v = c + Ac' ; 
and, since xK-Vyfi + zv^^ 0, identically, 

XV z 



= -»L = . 



{be') (ca'j (oiV 

Now the invariants, 8 and 7, of the equation In h are ex- 
pressed in terms of the combinants P and Q, of the cabic» 
f9JiAf\ thus (Sahnon's Higher Algebra, Art 204), 

>8 = 3P(P»-24e), 

r= - (P^ - 36P'(2 + 216 ^). 

But P=(aJ') + (Jc') + {ca% 

(2 = (ay)(Jc')(ca'); 

hence Pssx-\-y'\' z, Q^xyz, 

and /S= 3 (aj + y + «) {(a? + y 4 «)' — ^ixyz], 

r= - {(i» + y + «)• - 36a:y« (a + y + «)' + 216a;y«*} ; 

, ig'_ 27\(\-24)' 

whence ^, - (V-36X + 216)' ' 

where (a? + y + «)' = Xaiyis. 

Let us calculate the invariants of the cubic 

(ic + y + «)'- Xa:y« = 0. 
We find S' = 3X» (X - 24), 2" = - X* (X* - 36X + 216). 

Hence we infer, that the absolute Invariant ^ of the 
tangents drawn from any point to the nodal cubic 

(oj 4 y + «)' - 21xyz = 

is equal to the absolute invariant -^^ of the cubic of the 
system (a; 4y 4 «)• — \xyz = which passes through the point. 



Examples and Prohleina on Cuhics. 117 

281. Using trilinear coordinates and writing the cubic 

(fa + «w^ + nyf - 27lmna^y = 0, 

if a cubic af the system 

{la + ml3 -f nyY - MI3y = 

pass through the circular points at infinity, the foci of the 
curve will lie, by fours, on four circles (Salmon's Higher 
Plane Curves^ Art. 168). This condition is equivalent to 
making the line of the inflexions meet the curve at anglea 
whose sum = 0. For writing 

a = -X'cosa4- Fsina-^^, &c., 

loL + 7»/8 + W7 = AS = A; (XcosS + FsinS — ^), 

where X, Y are rectangular Cartesian coordinates, we have 
for the circular points a : jS : y : 8 = e**' : e^^ : e**"* i e*** ; and^ 
therefore, when 0^7 — X'S" = passes through the two circular 
points V = l, a + ^ + 7 = 3S, the latter of which eqnationa 
gives the condition stated above. 

The curve, in this case, has all its foci in common with 
two circular cubics. 

282. A nodal cubic, being referred to the triangle formed 
by the nodal tangents and the line of the inflexions, can be 
written a?' 4 y' + Qxyz = 0. Eliminating z between the equa- 
tions of the curve and the polar conic of (a?', y', z') 

U= x' (a;* + 2yz) + y' (y* 4 2zx) 4 2«'ajy, 
we obtain 

y V - 2aj Vy - 6«'a?y - 2y'a?y' 4 xY = 0. 

Multiplying this equation by ojV 4 y'y" , it becomes 

a'y' (aj* 4 y' « 4ajy ) 4 («" - 6t/'z') xY 4 (y" - 6« V) y V 

- 2a? Vy - 2y"a:y" = 0. 
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Bat| from the equation of the curve, 

hence, substituting and dividing by Sa?y*j we have 

{tf** - 2z'x') Q? + (a;'» - 2y'z') f + l^x'y'z^ 

+ ^y^yis + 4aj"«aj — 2x*i/xy = 0, 

which represents a conic passing through the points of con- 
tact of tangents from [x\ y\ «') to the curve. 

If we call this conic F, F+\Z7=0 represents any conic 
passing through the points of contact of the tangents. 

Hence, the locus of points, from which the tangents have 
their points of contact on a conic passing through two fixed 
points, is a cubic 27^ F, — F^ C^ = 0. By taking for the fixed 
points the circular points at infinity, we have the locus 
of points whence the tangents have their points of contact 
•on a circle. 

Putting X = — 2^' in the equation of the conic F+ X ?7= 0, 
we obtain the equation of the conic of the system which 
passes through (a?', y\ z') : 

{y'" - 4«V) a? + (aj'» - 4y V) f + 12ajy«' 

+ 4 (y'' - gy ) y« + 4 (a?'* -. y V) «aj -. 2 (a;y + 2«'') a:y = 0, 

The tangent to this conic at (a?', y', z') is 

z' [x'^ + 2y V) x^z' (y'* + 2z'x') y - (a?" + y" + 4a;'y V) = 0, 

which coincides with the tangent to the cubic 

z'^ [x' + y» + exyz) - {x" + y" + Ga^'y V) z' = 

at the same point, as it ought (see Salmon's Curves^ Art. 169), 

283. The discriminant of V+ X Z7 is found to be, after 
dividing by the Hessian (Eaj' + y' — 2a?y«), 

X» - 6« V + 4 {x" + y'» + 6a;'y V) = 0. 
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By means of this result we can find the locus of the in- 
tersection of the tangents at the extremities of a chord 
which passes through a fixed point. Forming the equation 
of the chords of intersection of U and Vj and expressing^ 
this equation is satisfied by the coordinates of the fixed 
point, we obtain the equation of the locus 

W + ezPW^ - 4 (aj' + y» + Qxyz) P"" = 0, 

where W- {y*^ + 4tz'x') x^ + (aj" + ^y*z') y* - 2y^yz - 2x'*zx 

+ 2 (62?'* - ajy ) a^, 

P= (aj" + 2y'z') aj + (2^" + 2«V) y + 2a:y«, 

{x^ y, 9^ being now the coordinates of a point on the locus^ 
and [x\ y\ z) of the fixed point. 

When the fixed point is on the curve, « 

W^-±-,{xx- + yy-)P, 

My 

and the locus, after having been divided by P^, becomes 

' 4aj Y' (a?' + /) + (ajaj"* + yy")' - (o;x!y' {xoi^ - yy'^ « = 0, 
which represents a cubic with xy for a cusp. 

284. If tangents be drawn from (a?', y\ /) to the cubic- 

a;' + y+6a:|y« = 0, show that the anharmonic ratios of the 

lines joining the node to their points of contact is given 

by the equation 

T^ _ (^'- 4g '')' 

iS' 4322;'« * 

where u = a?" + y '^ + ^xyJ. 

Show that the anharmonic ratio of the lines joining the 
node to the points where the tangents meet the curve again 
is given by the equation 
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285. Show that the conic we have called W (Ex. 283) 
passes through the points where the tangents from {x*^ y\ z') 
meet the cubic again. 

286. A line, which meets the cubic Qf-\- t^ — Zxyz = 
and the line y — mx = 0, so that the invariant 8 of the four 
points of intersection vanishes, is & tangent to 

which represents a conic touching the three Inflexional tan- 
gents and the curve. 

If the cubic be written oj* +y* + «* = 0, and the line 

Ix + my -f w« = 0, 
where Z + w + w = 0, the conic is 



(jhiipa-"- 



287. Oiven the foci of a nodal cidncj to determine the 
curve. 

Or, in other words, to inscribe a nodal cubic in two 
pencils of four lines each. Suppose the cubic to be written 
in the form 0x =/„ 0y =i/,, 6z =/„ where /„ /„ /, are binary 
quantics of the third degree in a parameter X, and xZj yz 
are the vertices of the pencils. Since we obtain the equation 
of the tangents from xz to the curve by equating to zero 
the discriminant oixf^—yf^^ it follows that if the coefficients 
of f^ and f^ be given, these tangents will be given. If 
we write now 

/^ = aX» + 3JX" + 3cX + tZ,/, = aV + 36V + 8c'X + (f, 

we determine a\ h\ c\ d\ by expressing that the tangents 
from yz to the curve are given, or that the coefficients of 
y% &c. in the discriminant of yf, - zf^ are given. Hence the 
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- - — -- - ■ — ■ - - - - 

quantities A2), A'2), A'/>, A*Z>, where 

f d i,d , d J, d 
da do dc dd^ 
and D Is the discnminaot of ^, must be given. These equa- 
tions being of the first, second, third, and fourth degrees 
respectively, give twenty-four values of a\ J', c', d'. Hence 
there are twenty-four curves satisfying the given conditions. 

288. Let Z7 denote the nodal cubic 

(?a + w)8 + wy)' - 27lmnaffy = ; 
.- I m n 

where A^B^ G are the angles of the triangle of reference, U 
touches the inscribed circle and has a focus on the circum- 
circle at the point 

sin^cos'^^ AnBco^\B sinOcos'^O 
I ' wi ' n 

For it can be easily seen that 

cosi^ (a)"* + cosiS(i8)-i + co8iC(7)-* = 

represents a tricuspidal quartic passing through the circular 
points at infinity. Beciprocating this equation (see Salmon's 
Conies^ Art. 311), and identifying the result with the tangential 
equation of Z7, we have, since the origin is a focus, 

sin 5, sin*^^, _ sin^, sin*^^, _ singgSin'*^^^ 

where 0,, 0,, 0^ are the angles the sides of the triangle subtend 
at a focus. But for a point on the circumscribing circle 

^j = 7r - -4, &c., and -7 + 57 + -, = ; 

m 

therefore — 5-7—, + — ^.-j^ + — jn-?> = 0. 

cos* 4-4 cos^i? cos^C 



122 Examplea and Problems on Cub'icsi 

289. Writing a? = ^, y = ^, « = 1 4 ^ for a point on the 
cubic a?' + /-iry5? = 0, if a^5' + J(^+^') + c = 0, the chord 
joining the points Oj G touches a conic having triple contact 
with the curve. For the equation of the chord is 

(^^'* - ^ - e') a. + (1 - e^ff « ff^B) y + e&z = 0, 

whence the coordinates of the chord may be written 

where t = 00' j showing that the envelope of the chord is a 
conic. If we substitute the coordinates of the chord in the 
tangential equation of the curve 

27i/* - 18X/iiv* + 4 (X' + /a"^ V - Xy = 0, 

we must get a result proportional to 

where 0" = — sz> ^^ *^® parameter of the point where the chord 

uu 

meets the curve again. Hence it appears that the conic has 

triple contact with the cubic at the points ' 

be' + c0'^a0-h:=-O, 

and that the points of contact of the common tangents are 

From the latter equation It can be seen that the problem " To 
describe a conic having triple contact with a nodal cubic to 
touch two given tangents to the curve " admits of a single 
solution. 

If two lines meet the cubic in the points a, ^, 7 ; a', /8', 7', 
respectively, and if 

aaa' + J(a+a')4c = 0, a)8^'4 J(^ + /3')4c = 0, 

0774 6(7 + 7) +c = 0, 

in which case the chords aa', fil5\ 77' are tangents to a conic 
having triple contact with the curve, then the point of inter- 
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section of the lines is fixed. For eliminating 7, 7', a', ff 
between these equations and aySy = a')8'7' = — 1, we obtain 

+ (2J»-a'-c')a/3 = 0, 
which shows that the line a^, and of course also the line a'^\ 
passes through the point 

x=:^h{a^-'hc)^ y = h{c^-ab\ js =^ 2b^ - a^ - c\ 
In the same way, putting y = 0x in the equation of the 
cuspidal cubic y^ — x^z = 0, if 

the chord dff is enveloped by a conic having double contact 
with the curve and touching the inflexional tangent. Also, 
if two lines meet the curve in the points a, ^, 7 ; a', fi\ 7', and 
if aaa' + J (a + a') + c = 0, &c., the point of intersection of the 
lines is the fixed point 

a; = - 3a*6, y=^a{ac-\- 2J*), z = SV'c. 
By reciprocation we see that, if 

the tangents at ^, ff intersect on a conic having double contact 
with the curve and passing through the cusp. 

290. If the tangent at a point a of the cubic 

meet the curve again in a', we have aV = — 1 ; hence we see 
that the line ^ 

is the satellite of 

Writing the latter line 

\X'{'fiy + vz = Oj 
the satellite will be, then, 

(/A* - 2y\ ) a; + (X" - 2/i v) y + F^^ = . 
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Hence if the satellite pass through the fixed point x\ y\ z\ 
the four corresponding lines will form a quadrilateral inscribed 
in the cubic and circumscribed about the conic 

y' (X» - ^iiv) + X (/A» - 2vX) + «'v* = 0. 

By considering the case when the satellite is a tangent to tbe 
curve, we see that this conic touches the eight tangents drawn 
to the curve from the points of contact of tangents from 
aj', y\ z\ 

If a line pass through the fixed point oi^ y\ z\ the satellite 
touches the conic 

(22?V-y'") Q? + (2yi8;'-. x^) y' +yy + ^''zx + («"+ 2a?y) a?y=0. 

This conic, it can easily be seen, touches the tangents to 
the cubic at the points where the tangents from a;', y\ z' meet 
the curve again. 

If the curve be written (aj4-y + «)'-27j;y« = 0, the 
satellite of Xa? + /iy + v« = is 

(X* - 2X/i - 2Xv + 6/iv) « + (a** - 2/iX - 2fiv + 6 vX) y 

+ (v* - 2vX - 2 v/i + 6X/i) « = 0. 

291. If we put y^Bxin the equation of the cubic 

the condition that the chord 9,, tf,, should pass through the 
fixed point x\ y\ z* is 

i^0*0^* -e,- e^i ar- + (1 - ey, - 0;e,) y - ^e.e^' = o, 

which may be written 

where A^^ &c. are functions of 0^^ and A^^ &c. of 0^. Hence, 
differentiating, we have 

{A^0, + B,) d0, + {A,0^ + B,) d0,^Oi 



Exampha and Problems on Cubics. 125 

■ — > 

therefore V(5,'' - ^A <^d dB, + VCA* - *^i 0,) d0, = O, 

d0, d0, 

where 

In a t(imilar manner we find for the cuspidal cubic 

where /(^) = (y' - ^aj') (aj'fl' + 3^^ - 4«'). 

292. A triangle being inscribed in the cuspidal cubic 
defined by the equations y^dx^z=^ 0^Xy so that the tangents 
at the vertices pass through the point a:^ y^ z^ the equations 

L^ejS^M^% L-^ejS,M^O, L-^efi^M^O, 

where 

L^2efi^0^x-^{0^ + 0^^B>i*y^z, M^{0, + 0^ + 0;jx + Sy, 

represent the lines joining the Vicrtices to the points m which 
the opposite sides meet the curve again. These lines, there- 
fore (see Ex. 225), pass through a point, the coordinates of 
which are, since 5,, ^^, 0^ are the roots of 2x0^ - By0* + « = 0, 

X = Sx% ^' = - 4aj'y, «' = Szal' - 9y\ 

If we are given the point x\ y\ z\ we have 

and — =-. + — ^ = 9. 

y y 

Hence if one of the points lie on a locus F, the other will lie 
on a curve having the same deficiency as V (see Salmon^s 
Curves^ Art. 364). 

293. If a triangle be inscribed in the cubic i*y = a' so 
that the tangents at the vertices pass through a point, the 
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axis of y will be a tangent to the conic teaching the sides of 
the triangle at their middle points. 

Let a?+^ + a = i, ax-\-by + cz=^Mj c^x-^-Fy -Vc^z^^N^ 

'where x^ y^ z are the sides of the triangle, then 

XW- JIf ** = aj {(a - J)* (a + 2J) y« 4 (a - c)* (a + 2c) «*} 

+ y {(J - c)' (J + 2c) 5;' + (6 - a)» (J + 2a) «»} 

+« {(c-a)''(c+2a)aj*+(c-&)'(c+2%*}+2a?y2f (a'+6'+c'- 3aJc). 

If we seek now the condition that the tangents to this 
cubic at the vertices of the triangle should pass through a 
point, we find a& + 6c + ca = ; and when this relation is 
satisfied the line M touches tjx-^- sjy -{-s/z^^ 0. But if 
x-\-y + z = is the line at infinity, this conic touches the sides 
of the triangle at their middle points. In the same case the 
lines joining the vertices to the points in which the opposite 
sides meet the curve again intersect on the conic xy-hyz+zx=0» 

294. Let three points ^„ 9,, 0^ be taken on the cubic 
^ = ^x, « = 6\ such that 0^ + 0^ + 0^=^ 0, 

4 {0,0, + 0,0, + 0,0,Y 4 27k 0,%\^ = 0, 

then the tangents at these points form a triangle inscribed in 
the cubic y^ - kx^z = F= 0. The points of contact of the 
^ides of this triangle lie on a line which touches ky* — a?z = 0, 
and the tangents to V at the vertices of the triangle pass 
through a point which lies on y^ — lc^a?z = 0. 

295. Show that the locus of the intersection of rectangular 
tangents to the cubic [ax 4 hyf - aj* = is a parabola having 
double contact with the curve; and, reciprocally, that the 
envelope of a chord which subtends a right angle at the 
eusp is a conic having double contact with the curve and 
passing through the cusp. 
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296. The cubic whose equation in rectangular coordinates^ 
is xy^ — 4a' = has three foci at the points 

a; = — 3a, y = 0; x^^a^ ^ = ±f «\/3. 

The locus of the intersection of rectangular tangents to* 
the same cubic is aj* + y' — 3aa5 = 0, a circle having double 
contact with the curve at points on the line x = 2a. 

A chord of the curve, which subtends a right angle at the 
origin, touches the parabola 

x^'\-f'^{x-2ay4.Y^0. 

297. If the coeflSicient of xy be absent in the equation or 
a conic, show that it meets the cubic y^ — x^z = in six point* 
where the tangents to the cubic are touched by a conic. 

298. The equation of the conic, osculating the cubic 
ajy' — 2?' = at the point where z = dy^ is 

aj* - bePf - 45^V + ^tOePxy + 24^y« - Ibd'zx = 0. 

Hence six conies of the system can be drawn through a 
point, and the tangents at the points of contact are alt 
touched by a conic. 

Also we can show that the locus of the centres of hyper- 
bolas osculating the cubic Zy = x^ is 125a:' + 192^ ^ 0. 

299. Show that the anharmonic ratio of the tangent*^ 

from a;, y, z to the cubic y^ — x^z^ and (1) the line from the- 

27 7^ 
same point to yz is given ^by the equation —^^ = A;, (2) tha- 

27 T* 
line to zx^ — ^= (l — 2A)', (3) the line to d-y, 

27 7^ _ (8^^* - 36A; + 27)« 
S" "" (9-8Af * 

where —r — h. 
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Hence show that, if the angles of the triangle of reference 
are connected by the relation 2 (7- -4 = w, the cubic ^— >fea*7=0 
has three foci on the circumscribing circle. 

Show also that the circle circumscribing the triangle 
formed by three foci of the cubic 7a' + 2)8' cos (26'— ^) =s 
passes through ay. 

300. The tangent at any point of the nodal cubic 

(y + kz) (y + 4Jczy - aj'« = 

is one of the fourth harmonics to the three tangents from the 
point to y* — a^z = 0. 

Writing aj = ^y in y* — »"«, the coordinates of the intersec- 
tion of the tangents at 0, ff are 

x^\eff[0 + ff), y = J(^ + ^ + ^^)) « = !• 
Hence if 6^ ^' = c, we have x^^Offie+ff)^ cy = J (fl"- ^), 

g 

c^z = (tf — ff)* ; whence, eliminating g? , 

(y + kz) (y + ikzY -a?z = 0^ where A; = - 12c". 

Now the tangent to this curve is easily seen to meet z on 
the line 2 (^ + 5') a: - (^ + ^* + ^dd') y = 0, and the tangents 
to y" — »"« = meet z on the lines 

2aj-3% = 0, 2aj-3(9'y = 0, 2aj + 3 (^ + ^')y = 0; 

and these four lines form a harmonic system. 
The tangents to the three curves of the system 

(y + A;«) {y + 4kzy-a?z^0y 

which pass through a point, are evidently the three fourth 
harmonics. 

301. The polar equation of the cissoid, referred to its 

double focas, can be written tan^^s y . 

(r + aj 
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If ^ be the perpendicular on the tangent, and p the radios 
of curvature, 

^ ~ r^+15a^ ' ^" 48a" 

302. The cubic, whose equation in rectangular coordi* 
nates is 

has two foci on itself, viz. a; = ± a, ,y = J. 

The lines joining these foci to the points x=i±c^y = are 
tangents to the curve. 

» 

303. The triangle of reference being equilateral, the 

equation 

represents a cubic of which the vertices of the triangle are 
foci. Transforming this equation to rectangular axes by 
writing 

a = i(a; + y V3)-o, j3 = i (a;-y V3)-a, 7 = - (« + »)> 
we find or' - 3ary' - Ja (ic' + 3^') - 5a' = 0. 

304. The cubic whose equation to rectangular axes is 

a:" — ^ (aj* + y ') + ja; - r = 0, 

being the envelope of the circle 

;)(a:' + 3^')-(j + 3/iA')a; + r + 2/t' = 0, 

has four foci determined by the equation 

27 [px' - r)» - 4 {2px - qf = 0. 

K j' = 4^, two of the foci coincide at the point 2paj = j, 
and the square of the distance of any point of the curve from 
this focus is in a constant ratio to the cube of its distance from 
a fixed line. 
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305. A cubic is such that two asymptotes meet on the 
curve ; \i A^ B be two fixed and P a variable point on the 

curve, show that 3 + ;77 = ^) where rf, d* are the segments 

intercepted on the two asymptotes by PA^ PB^ and X and fjk. 
are constants. 

, 306. Two asymptotes of a cubic are at right angles ta 
one another; if a perpendicular to the other asymptote, at 
the point where it meets the curve, intersect the cubic again 
in A^ B^ show that the locus of the centre of the nine-point 
circle of the triangle PAB is a hyperbola, P being a variable 
point on the curve. 

307. If the cubic whose polar equation is / cos 3^ = a" be 
iuscribed in a triangle so that the points of contact lie on a 
line, the pole of the curve is one of the points of contact of 
the nine-point circle with the circles touching the sides. 

The polar conic of the line aa; + i^ + 02; =s with respect 
to the cubic a;' + y' + «' = is 

c^yz + Vzx + c'ajy = j 

it therefore circumscribes the triangle xyz. Now let x^ yi 
pass through the circular points and z be the line at infinity,, 
when the cubic becomes r' cos35 = a'. Then, since the polar 
conic of a line touches the tangents to the curve where it is 
met by the line, it follows that one of the circles touching 
these tangents passes through the pole. 

Again, when the cubic is written in the form 

ABC-D'^F^O, 

where A^ Bj C are the tangents to the curve at its points 
pf intersection with 17, it is evident that the polar conic of 
the point DF circumscribes the triangle ABC. But the 



Examples and Problems on Cubics. 131 

polar conic of any point with regard to the curve r' cos 3d = a' 
is an equilateral hyperbola having the pole for centre. Hence 
the nine-point circle of the triangle ABG passes through the 
pole of the curve. 

We can show that the nine-point circle passes through the 
pole otherwise thus: If a conic 2 have ABC for a self- 
<5onjugate triangle and touch D where it is met by jP, the 
result of substituting differential symbols in 2 and operating 
on ABC—JD^F vanishes; but such a conic for the cubic 
a;' + y + «' = must be of the form 

or for the curve r'cos3d = a' must be a parabola having the 
pole for focus. Now the nine-point cirale of a triangle self- 
conjugate with regard to a parabola passes through the focus ; 
therefore &c. 

^^ » 

308. The locus of the polei with regard to tbe cubic 

Z7=a' + »' + «' = 

of the tangents to the conic 

2 = (a\ + bfA +>cv)' - A/A = 

breaks up into the factors 

ax* + by* + c«' ± xy = 0, 

and these two conies intersect U at the points where its 
tangents touch 2. If z is the line at infinity and Xj y pass 
through the circular points, the polar equation of the curve 
may be written p'cos3d = a^, and we see that if six tangents 
to the curve be touched by the pircle 

the points of contact will lie on the conic 
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When the conic and the circle touch one another, it is 
evident that they will both touch the curve. Thus we find 
the condition that the circle should touch the cubic hj 
equating to zero the discriminant of the equation 

+ {2aV + (oj" + y ' - rj] \ - a» {x" + y * - r*) = 0. 

When this equation has three equal roots the circle oscu- 
lates the cubic. 

309. If the normal at a point P of the curve 

meet one of the lines y^ — Sx^y = in Q^ show that 

(S-2r)(S + r)* = a», 

where r ^ PQ^ and S is the distance of Q from the origin. 

If ()j, Q^^ Q^ be the points corresponding to the three 
lines, show that 

111^ 



PQ, ' PQ^ ' PQ, 
310. Show that the six lines represented by the equation 

are tangents to both the cubics 

(ca: - J«)' - (cy + a«)' + «' = 0, 



Examples and Problems on Bicircular Quartics. 133 



III. Examples and Problems on Bicircular Quartics. 

311. To find the points on a bicircular quartic from which 
the tangents have their points of contact on a conic. 
Let us write the quartic 

Z7= a;y + a* {aa? + by^ -]■ cz* -i 2fyz 4 2gzx -\- 2hxy) ^ 0^ 

where z is the line at infinity and xz^ yz are the circular 
points, and let V be the polar cubic of a point {x\ y\ z') on 
27. Now if six points of intersection of a quartic and a cubic 
lie on a conic, the remaining six points of intersection must 
also. Thus when the points of contact of the six tangents 
lie on a conic, the remaining points of intersection of 17 and V 
must also ; but these latter points are the point x\ y\ z' and 
the nodes xz^ yz^ each counted twice over. Hence a conic 
can be described so as to touch V at each of these points, or 
a circle whose centre is the double focus of V must touch the 
curve at x\ y\ z\ 

We may express this condition by substituting the coordi- 
nates of the double focus of V in the equation of the normal 
at 05', y\ z\ Now the tangents to Fat xz^ yz are 

xx' + bzz = 0, yy* + azz' = 0, 

and the intersection of these tangents is the double focus; 
also the normal to 17 at x\ y\ z* is 

, , « dU' f f « dU* 

hence we have, after dividing by z and dropping the accents, 

which represents a circular cubic intersecting the quartic in 
eight points satisfying the given condition. 
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If /= 5^ = ^ = 0, the quartic becomes an ellipse of Cassini^ 
and the cubic vanishes identically. Hence we see that the 
points of contact of the tangents from every point of this curve 
lie on a conic. 

312. The equation of the quartic being the same as in the 
preceding example, show that the locus of a point, whose 
polar cubic has its double focus on itself, is the <sircular cubic 

Jiz [ax^ + ly^ - 2afe') + 3^' [afx -f hgy) 

-xy[gx^fy)i2(ab-'c)xyz^0. 

If P be an arbitrary point, and P' the double focus of the 
polar cubic of P, show that OP and OP' are equally inclined 
to PP', and that OP. OP = 0F\ where P, P' are the double 
foci of the quartic, and is the middle point of FF\ 

313. The equation of the quartic being the same as before, 
the locus of the double foci of the polar cubics of every point 
-on the curve is the bicircular quartic 

cxy - 2xyz [afx + hgy) + abz^ [ax^ + J^ + «5«' + 2hxy) =* 0. 

This locus is identical with the given quartic, if /=5' = 0| 
•c = a&. Hence the double focus of the polar cubic of any 
point on the quartic 

lies on the curve. 

314. A bicircular quartic has a finite node ; to find the 
locus of the points from which the tangents have their points 
•of contact on a conic. 

Let us write the quartic 

Z7= a?y + y V 4 zW + 2xyz [ax + 5y + c«), 

where xz^ yz sue the circular points and xy is the finite node, 
-and let Fbe the polar cubic of a?', y\ z\. 
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Then since the points of contact of the tangents lie on a 
conic, another conic can be described through the vertices, 
of the triangle xyz to touch V at these points, or the normal 
to V at xy must pas& through the double focus of F. Thi* 
condition gives 

which represents a circular cubic having its double focus on 
itself. 

It is evident that this cubic intersects the quartic in points 

such that the anharmonic ratio of the tangents from them is> 

a maximum or a minimum. 

315. If, in the preceding example, a = J = c = 0, the 
quartic becomes a lemniscate and the points of contact of the 
tangents from any point to the curve lie on a conic. 

We proceed to find the equation of this conic. If we form 
the contravariant a (Salmon's Curves^ Art. 292) of the quartic 

UBxY-^fz^ + z'x^ 

we find cr = (a' + /3' + 7'')'. 

Now, if we put 

a = yz —zy'j fi — zx'-^xz'j y==xy'—yx' 

in 0-, the result must be proportional to the invariant 8 of the 
biquadratic in k obtained by putting x + kx\ &c. for a;, &c, 
in U= 0. Thus we obtain the identity 

12 ( U' CT- PV) + (2' = {{yz' - zy'Y + [zx' - xzj + {xy'^yx'fW 

where 

F= x'x (/ + ^) + y'y [z^ + x\^^ z'z [x' + y"), 

P=x'(t^'' + z")x + y'{z''-{-x'')y-{-z'{x" + y")z, 

QE{y" + z")a?+{z"-^x")y'-¥ {x"+y'')2? 

4- ^y'z'yz + iz'x'zx + Ax'^xy. 
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Hence, putting U=- F= 0, we see that the points of contact 
of the tangents from x'^ y\ z* to the curve lie on the conic 

(y'«+ O 0?'+ («"+ O y'+ {pi!^-\-y'^)z^-\-y'z'yZ'{'z'x'zx-^x'y'xy=^0^ 

the factor y'^'ys^ + z'odzx + aj'y'ay 

being rejected as irrelevant. 

The discriminant of this conic is proportional to 

[x" + y " + is") [x'Y + y"«" + ^"a:'"). 
Taking the case when aj^ + y" + «'* = 0, the conic breaks up 
into the lines 

xx'-\-0yy'-¥0'zz'^O^ aa' + (J'yy' + ^««' = 0, 

where ^ is a cube root of unity. These two lines touch the 
conies 

and intersect each other at the point —, ,-;,—, on U. 

X y z 

If we write the lemniscate in polar coordinates 

/ = 2c' cos 2^, 

we see that if tangents be drawn to the curve from any point 
of the equilateral hyperbola 2r*cos2d = o') their points of 
contact will lie on two lines which intersect on the curve and 
touch the equilateral hyperbolas 

2r'cos(2^±y)=c'. 

316. From the identity in the preceding example we see 
that the polar line of any point [x\ y\ z'] meets the curve 
at its points of intersection with the conies 

x'yz + y'zx + z'xy = 0, y'z'yz + z'x'zx + x'y'xy = 0. 

Hence the tangent at x'j y\ z' meets the curve again at its 

intersection with 

x'yz + y'zx + z'xy = 0. 
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317. If a point lie on one of the conies 

show that the invariant 8 of its polar cubic with regard to 

x^ + y^' + ^'^ = ^ vanishes. 

If a point lie on aj* +y' + 2' = 0, show that the invariant T 
of .its polar cubic vamshes (see Ex. 218). 

318. Four points on the quartic ajy + ^«'+«V=0, lie 
on the line ouc + ^y + 72? = ; the tangents at these points 
meet the curve again in eight points lying on the conic 

aV + /Sy + 7V - 2 (a' + iS* + 7') {I3yyz + r^azx + afixy) 

+ 8aj87 [ayz + fizx + yosy) = 0, 
The discriminant of this conic is 

a'/3V {(a' + iS* + 77 - 27a'/3V} = a'iS'y' 

multiplied by the tangential equation of the curve, as it 
ought to be. 

319. To find an eocpresston for the angle of (Aberrancy 8 
(Salmon's CurveSy Art. 407) at any point of a bicircular 
quartic. 

Taking the tangent and normal at the point as axes of 
coordinates, the equation of the curve may be writteh 

Z7= (oj' + y')' + (Za? + Twy) (aj' + /) +aa;'+ J/+ 2Aa;y+2/y = 0; 

and then the conic 

a V + by + 2h'xy + 2/y = 

is easily seen to have four point contact with the curve at the 
origin, if a' = a', h' = ha- If f = af 

The line drawn from the origin to the centre of this conic 

7/*— lin 

is a'ic + (Aa-M v = 0: whence tanS=^^— 5 — . Now if we 

a 
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express the condition that the circle a;' + ^' — 2ry = Ot should 
touch the curve again, we obtain 

[ar +/) (4r» + 2wr' + hr +/) - / (?r + A)' = j 

/' 
whence r,r,r3r, = j^— ^ , 

and (p-0(P"^a)(/>-0(P-0=' ^4(pl4^) 1 

where rj, r^, r,, r^ are the radii of the four circles which may 
be described through the origin to have double contact with 

the curve, and p=s— ^ Is the radius of curvature at the 
' '^ a 

origin. Hence 

'"■■»=-(^')(^:)(^')c^')- 

Now if the quartic be considered as the envelope of a 
circle whose centre moves along the conic 

a^^V ' 

and which cuts orthogonally the circle 

J'=a:' + y'-2aaj-2)83^ + A' = 0, 
we obtain the equation of the curve in the form 

or S" — PQ = 0, showing that the points of contact of the 
double tangents PQ lie on the circle S. Since the quartic 
can be generated thus in four ways, it follows that 8 is one 
of four concentric circles. If we write now 
(«' + 3^)'+ (i» + «w3^) (a'+y*) + «^' + Jy'+ 2% + 2>§^ 

we must have 

pg = V + X (Zx + wy) + 2\ (jc'+y*) +i (Z» + ?7iy)' 

'-{aa?'\- hy" + 2hxy + 2fy). 
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But if a;' + y' — 2ry = todch the curve agaiui we kuow 
that it must cut c7 orthogonally, or, if J'^iJi?-\-jf~-2x*x—2y'y-{-c\ 
we must have c' = 2ry'. Now J cuts 8 orthogonally, therefore 
i (hd + my') + c' + \ = 0, and the point PQ is the centre of e7, 
whence V + \\ {Ix' + my') =fy'* Eliminating Ix' + my' and c', 
we obtain - 2r\ =/. Now/ is the value of 

at the origin, and this function is independent of tlie axes to 
which the curve is rrferred; also \ = p' — i',* where p is the 
distance of the origin from the centre of F^ and k is the 
radius of 8. Hence 



, y{(S)'-'(fn 



Tg = &C. 

We can express (-7- J + { j~^) "^ terms of the distances 

Pn Pa? Ps? P4 ^^ ^'^^ origin from four concyclic foci. Forming 
the condition that a; + ty-^ = should touch the curve, 
we get 

{,n'-P + 4(a-J) + 2;(Zm-a)}/+...+ 4/' = 0; 
therefore 

4f 

P^^^P^P^-m'^P-i-4:{a'-b)+2{[lm--4Ji)^ 

and p^p^pip^ = (^a « f + 4« _ 4^)2 + 4 (to - 4A)» * 
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Now from the expression for PQ given above we can 
deduce that 

(w* - P + 4a - 4&)' + 4 (?wi - ay = 16S*, 

where S Is the distance between the double foci of the curve. 
Hence we have/=S\/(p,/>8f>8P4), and 



(f)'-(f)'-^w.). 



dy 

320. Putting y = in the equation 
IT'S (a:' + y*)'+(fo + my)(aj' + y')+aa:* + &^ + 2^a^-f 2/5^ = 0, 
we get, after dividing by a?', a?' + ic + a = 0, whence 

where c7 is the length of the segment which the tangent 
intercepts on the curve. 

For the central bicircular quartic 

we find 



c?=- 



4 (p* - h') ip' + 4-^ - 2a') (p' + ^^-2^) 



(a» + 6»-A;«)(p* + A;*)-2(A*-A;V-A;'y + 2a' J*) p* » 

where p is the distance of the point on the curve from the 
centre. For the ellipse of Cassini 

When k = Oj this curve becomes a lemniscate, and 
which is a maximum, when c* = 3r\ 
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F6r the Cartesian oval, since the distance between the 
double foci must vanish, we have 

r-nr-4:(a'-b) = 0j Zw2-a = 0; 
and if the curve be written in the form 

(a;' + y'-A;y-a'(ir-m)=0, (f = 8(A'-r*), 

where r is the distance of the point on the curve from the 
triple focus. 

321. When the origin is a point of inflexion on the quartic 

U={a?-^yy + {lx + my)[x'' + y')+ax^^bi/^ + 2hxi/ + 2fy = 0y 

a vanishes, and then <JP=^P. But P=162'', where q is the 
length of the perpendicular from the centre of the focal conic 
on the normal, or when the curve is written 

8 ( (g^- y ) xy + b'0x - a'ay] 

Hence, the points of inflexion, when the curve is written 
in the latter form, must satisfy the equation 

(p-V)(/'-*/)(p-O(^-O+i6{(«'-i')a;y+*'/3a!-a%}'-0, 

which may be combined with the equation of the curve so 
as to give a quartic passing through the circular points 
at infinity. 

For the Cartesian oval 

(a? + y»-A;7-a«(a;-m)=0, 
the points of inflexion lie on the circular cubic 
16A' {x - m) {x^+ f - k') + a' (9a;'+ 3/~ 24tmx -f Um^- k') = 0* 

322. The area which the tangent at a point P of a 
bicircular quartic cuts oflF from the curve is a maximum 
or a minimum, show that the normal to the curve at P 
passes through the centre of the focal conic 
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323. 1( Aj B he the points In which the tangent at a 
point P of the lemniscate r' = 2c^ cos2& meets the carve again^ 
and 8 be the area which the chord AB cuts off from the 
curve, we have evidently 

d8=i{PA'^PB')d<l>^ 

where ^ is the angle which the tangent makes with a fixed 
line. But (see JEx. 320) 

where p is the perpendicular from the node on the tangent, 
and 

P^-P5 = -|V(c*-/), 

{Ex.320); therefore 

since r^=-2c^p for the lemniscate. Hence, integrating, we 

have 8=^ — j-^, adding no constant, as S must vanish 

c 

with the segment AB, 

324. A tangent to the lemniscate r'ss 20*008219 meets 
the curve again in A, B] the locus of the middle point of 

^5i8r' = 2c'cos^(26>). 

If be the angle which AB subtends at the node, 

J. ^ 

cos = -5 , 

325. To find the lodus of the centre of gravity of an arc 
of the lemniscate which is of given length. 

Let r' = a'cos2d be the polar equation of the carve, 

then, if eZ9 be the element of the arc, ds = —n — ir5\ 5 a>^d, 
' ' V(co82a) ' ' 
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if a?, y be the rectangular coordinates of the (centre of gravity 
of an arc of length Z, 



X 

.3 



fxds c^ r 1 o' 

Ida " T Je co8^rfd = j(8m^,-8m^J, 



and y = -, (cos^, — co9^,) ; therefore 

8m'J(5,-5,)=^Ja^ + .V'), tani(^.+ ^J=|. 

Now, by the theory of elliptic functions, when 

/•Si de ffli <?^ , ^ ' 

J. 7(H3i2^ ' Jo Vl35i2^ = * '""'**"*» 
we have wicos^, cos^, + wsin^, sin^, = l^ 

where m and n are constants connected by the relation 
m* + n* = 2. Hence, the equation of the locus is 

{m + n) (a:'+y)' = -p- {(wi- 1) «'+ (n- Ijy*}. 

326. A variable lemniscate 7^ = a cos2d + b sin2d touches 
the Cassinian oval r*— 2cVcos2^ — A;* = 0; to show that it 
cuts off a constant area from the Cassinian 

r*-2c'r'cos2^-*'* = 0, 
where h' <k. 

Let 8 be the area cut off by the lemniscate from the 

curve r' = (^), then 

8=\ I {acos2tf + Jsin2^-^(^)}rf^, 

where 5^, 0^ are two roots of the equation 

a cos2^ + J 8in2tf - ^ [0) = 0. 

Hence, if 8 remain constant while a and b vaiy, we 
must have 

[da cos2^ + db sin2^) tZ5 = 0, 
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as the terms outside the sign of integration vanish hj the 
condition given above. Performing the integration and 
dividing by sin {0^ — ^J, we obtain 

da cos (^,+ ^J + dJ sin (^, + ^,) = 0. 

But it is evident that if we seek the point of contact of 
the lemniscate with its envelope, we have 

da cos2^ + d5 sin2^ = ; 

hence 20 = 0^-\- 0^^ or the radius vector to the point of contact 
of the lemniscate with its envelope bisects the angle between 
the radii vectores to the two points of intersection with the 
curve r' = ^(^). 

Let us now seek the intersection of the lemniscate with 
the'^Cassinian oval 

r*-2cVcos25-A'* = 0. 

We find 

(a + J tan2e)' - 2c' [a + b tan2^) - k"' (1 + tan'^ = 0, 
whence tan2 (^. + ^,) = j.^^^, 

which being independent of k\ the truth of the theorem 
becomes evident. 

327. If r be the radius vector and p the perpendicular 
from the origin on the tangent, to find the relation between 
p and r for the quartic 

(a:' + y' + Ay-4(aV + jy)=0. 
The conic e'+^(aj' + y'-l- A') + aV + jy = 
touches the quartic, and the points of contact lie on the circle 

cc' + y' + ^' + 2^ = 0. 
Now when we are given a conic 

% 2 
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< ■■ ■ 

. 1 1 1 r* 

we nave -«=-; + ts — sts ? 

hence, in this case, 

1 - « (a' + y + 2g) __ (a»+g)(y+g)r« 

hut from the cu-cle 2^ = - (A* + r') ; 

tnereiore — ^ = r-3 — r^-n — 7-5 — 7=75 , 

y (r* + A;")* (r* - A")* ' 

where a'*=±a'-A», »'» = »'-*». 

In a similar manner we can find a relation between p and 
r for the Cartesian oval 

where the origin is a focuS| by considering the curve as the 
envelope of the circle 

We have from this circle 

/t(/t+i)+^^Vt(M+i)'' /»o*+i)r 

and, since the points of contact lie on /A'(ai*+y') — a' = 0, 
we have /*= -; hence 

2p = 



v^{«' -(«+.-)(«+ 7)}' 

We can also find the relation between p and r for the 
Cartesian oval when the origin is the triple focus, by con- 
sidering the curve as the envelope of the circle 

/*'+ 2/A {q^^j^-^W) + o' (a?- w) = 0. 
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328. F^ F zx% the double foci of the quartic 

if the normal at a point of the curve meet the axis of y 
in P, and a parallel through to FP meet the axis of x 
in Q^ then 

OQ = -^{a'--Jt?). 
c 

If the normal at x', y' meet the axis of jr in 0, /8, we have 

o_ 2cy _ c'y' 

'^ ~ a" + y" + A' - 20* ~ VCa'a" - c^") * 

since the equation of the cure maj be written 

(a? + y* + l^- 2a')' + 4(Y = 40*0", 
where a'* = c^- *'. 

Hence, if PFF" = 0,cy' = aa' sin ^, and ^ = — . 

Also jP(2=a;'-e+ — co85 = i(<f-OjF^, 

c ^c 

where a' + J'- *'=£?; 

and since the curve can be written 

we have 

FQ.FQT^^ib^^if). 

The circle 
(aj' + y'-a»--a'')co8i(^, + ^,) 

+ 2cy sini (^^4- ^J-2aa' 008^(^^-0^ = 

evidently passes through the two points O^y 6^ on the curve. 
Hence the line bisecting at right angles the chord 0^ 6 
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meets the axis ofy at the point y' = — c tanj (^, + ^,), from 
which it readily follows that any line meets the curve so that 
the sum of the angles O^y &c. is equal to or 2mv. 

329. Thequartic 

being written in the form 

c 

where (f = a' + J*-^, c^^a^-b^ 

the circle 8 having double contact with the curve, where 

S = aj' + y * - 2ax cos ^ — 2 Jy sin ^ + 4* = 0, 

cuts off constant arcs from the circles 

/ + (aJ±c)'-(f = 0. 

For the chord of intersection of S and y* + (oj — c)* - c? = 
is (a cos^ - c) aj + i sin tpy-b^zs 0, and the perpendicular on 
this line from c, is equal to a. 

330. If /), p' be the distances of a point P on the same 
curve from the double foci, we have 

and, therefore, 

pdp pdp' 

ds ds 

Now, if tlie tangent at F meet the polars of P with 
regard to the drcles />* — rf* = 0, /o"- c? = in -4, B, we have 

pdp^ pdp 

ds ds 



T^ -^ T'zr^'^' 
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from )¥hich it follows that the portion of the tangent 
intercepted between these two lines is bisected at the point 
of contact. , 

331. Let 

5=aj*+y* — 2aaJC0S^ — 2Jysin^ + A? = 
be a circle having doable contact with the quartic 

then if we form the discriminant of ^9+ \PQ^ where 

represents two double tangents of the curvCi we obtain 

a^ co&*(f> J'sin'^ „ 

l + \{a'^k') ■*■ iTM^*^^)" ' 

or (1 - W) (Ka^'' + a" cos'^ + J" sin«^) = 0, 

if we write 

Taking the value ^=09 *^e see that two chords of 

intersection of 8 and PQ are 

[ax-^k^ cos^)* -{-ipy — J^ sin0)* = 0. 
These two lines are parallel to the double tangents 

aV+jy = 0, 

and intersect on the conic a V + & V == ^^« ^^ ^^ ^^^ ^''^^ value 

(a^cos'^ + a ^'sln'0) 

the two chords of intersection are 



a;cos0 ysin^ /ai/Tba'\ ^ 
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If 20 be the angle which one of these chords subtends at 
the centre of 8j we find 

^ aa'T W 
c 

Since one of these chords touches the conic 

c 

whose asymptotes are a' V + i Y = ^i ^® ^^ ^^^^ ^^ quartic 
can be generated as the envelope of a circle described through 
the points where a tangent to an hyperbola meets the 
asymptotes, so that the angle subtended by these points at 
the circumference is given. 

332. If we write 

5=ic'+y»-2aaj-2y3y + ^, iS' = aj'+y' + 2aa? + 2i8|y + ^, 

we have 

Sff-- U=f^k' + 2{e-J^) {a?+y')-'4:{ax+l3ify+4:{a^a?+Vt/^, 

from which it follows that any circle S meets 17 in four points 
which lie on a concentric conic. HencCi being given four 
concyclic points on a bicircular quartic with a centre, the 
locus of the centre coincides with the locus of the centres of 
conies through the same points, viz : the equilateral hyperbola 
which passes through the middle points of all the lines 
joining the given points. This quartic is determined by 
six conditions, and when we are given four points, the curve 
wiU still contain two arbitrary parameters. TEus the quartic 
may have a node or become an ellipse of Cassini, and 
the locus of the centre of either of these curves, when we are 
given four concyclic points, is the equilateral hyperbola 
determined above. 



150 Examples and Problems on Bicircidar Quarttcs, 

If we write 

V=aaf'\-ht/* + 2gx-i-2fy^Cj 

it can be easily seen that the equation 

where and X are arbitrary parameters, represents any 
central bidrcular quartic pacing throagb the intersection 

of 8 and K The coordinates of the centre are — ^ • i— ^ • 

If the curve b an ellipse of Cassini U^ the centre must satisfy 
the equation 

<PU ^ 

and then if a + i » 0, or F is an equilateral hyperbola, we 
get X^ = 2k\ 

Thus the equation 

represents a system of Cassinian ovals passing throogh the 
intersection of 8 and V. 

If we compare thb equation with 

we have, to determine the double foci 

whencCi eliminating 0^ we obtain 

(aay + ^y -/a?) («' + y*) + A?aa:y = 0. 
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333. If the conic 

aa? -hhy* -^^ 2hxy + 2gx + 2fy ■\' c = 
pass through four concycllc points on the bicircular quartic 

(a.« + y»)»- 200?"- 2/33^* + A* = 0, 

the conic ^jhl^x^^^JhlMf^fl^ 

f g ^ h 

has quartic contact with the curve. This readily follows 
from the fact that if 27 be a conic having quartic contact 
with the curve, any conic having double contact with JJ 
meets th6 curve in eight points which lie on two circles. 

334. A circle of given radius passes through a fixed 
pomt F, and an equal circle through a fixed point -F'; 
if the sum or difference of the arcs FP^ F'P be given, 
where P is a point of intersection of the circles, show that 
the locus of P is a central bi9ircular quartic of which F^ F' 
are foci. 

335. Show that the quartics 

(a;* + y* + &»)»^4tfa;y = 0, (a« + y" - F)« - 4a' (a* - y») = 0, 
cut each other orthogonally. 

336. If iSj, 8^^ fig, 8^ be four bicircular quartics having 
five points in common, the equation 

represents any bicircular quartic passing through these five 
points. Comparing this equation with SS'-^L^Oj where 
8j 8' are circles whose centres are the double foci, and L is 
a line, we determine the double foci by the equations 

4 Ka^, ^ l/xV,) 2? = SZ (a - i), 2 {xj,^ + y^x^} 2Z = SZ*, 
[x, + x^j 2? = 22?a, (y, + yj SZ = 2SZ/3, 
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where 

+ 2\xy + 2g^x + ^,y + c„ 

Hence, eliminating Z,, Z,, Z,, Z^, we obtain a result of the 
form 

which shows that the double foci are conjugate with respect 
to the fixed equilateral hyperbola 

^(aj'-3^)+2J3icy + 2G^a: + 2^y+(7=0. 

When the double foci coincide, the quartic becomes a 
Cartesian oval ; and thus we see that this equilateral hyperbola 
is the locus of the triple foci of all the Cartesian ovals passing 
through the five points. 

For a bicircular quartic U with a centre, the centre, 
in addition to the equations, a;2Z=2Za, y2Z=: 2Z)8, satiffies 

iJTJ /777 

-7- = 0, -r- = 0. We find thus that the locus of the centres 

dx ' dy 

of such quartics which pass through five fixed points is a 

curve of the fourth order passing through the circular points 

at infinity^ 

In the same way the equation Z,/S,h- Z,5, + Zj53 = 0, where 

iS,, iS,, 8^ have six points in common, represents a system of 

bicircular quartics passing through six fixed points. If one of 

the quartics reduce to a conic, the six points will lie on 

a conic, and the centres of the focal conies of the system will 

lie on a right line. When the quartic breaks up into two 

circles, the centre of the focal conic is the middle point of the 

line joining their centres; hence we obtain the theorem 

of Ex. 123. 
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337. Writing the equation of a bicircular quartic in 
the form 88* — L^O^ we see that any circle S meets the 
quartic at four points of its intersection with the conic 

(S-S)(/S'-S)-i = 0. 

Now the asymptotes of this conic are parallel to iS^— 2 = 0, 
iS' — 2 = 0, and these lines are perpendicular to the lines 
joining the centre of the circle to the double foci. Hence, 
since the chords of intersection of a conic and a circle are 
equally inclined to an axis of the conic, we see that a pair 
of chords of intersection of a circle and a bicircular quartic 
are equally inclined to the bisectors of the angle between 
the lines drawn from the centre of the circle to the double 
foci. 

338. To show that a line meets a bicircular quartic at 
angles the sum of whose cotangents is equal to zero. 

If we take an arbitrary point for origin and draw any 

line through the origin to meet the curve, it is evident that 

the continued product of the four radii vectores is constant. 

dv 
Hence, differentiating, since —^ = cot 0, we have 2 cot^ = 0. 

We can arrive at this result otherwise thus : Let us write . 
the curve 

then if the line is the axis of a?, and f[x) is the result of 
putting y = in the equation of the curve, the equation of 
the tadBgent at the point (o;^, 0) is 

{x - x^f [x^ + y [mx^ + 2hx^ + 2/) = # ; 
whence cotg,^-. ^"^^,^;-^^^) , 

and, therefore, 2 cot ^ = 0. 
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We have also 2a? cot 5 = — «i = 4y', where y' is the ordinate 
of the centre of the focal conies, from which it follows that, 
if 0^ be the centroid of the four points in which the normab 
intersect a perpendicular to the line, a parallel to the line 
through O will pass through the centre of the focal conic. 

If the line is a tangent to the curve, the sum of two 
cotangents is replaced by 2 cot S, where S is the angle which 
the axis of aberrancy makes with the curve. 

Hence, if the tangent at a point P of the quartic meet 
the curve again in A^ By and if the line joining the middle 
point of AB to the intersection of the tangents at A and B 
meet the perpendicular from the centres of the focal conic 
on the tangent in O, then the axis of aberrangr at P passes 
through C. 

By inversion we see that a circle meets a bicircular 
quartic at angles the sum of whose cotangents is equal to 
zero. 

339. To draw through a point on a btcireular quartic a 
circle to meet the curve again at the vertices of an equilateral 
triangh. 

Taking the point on the curve as origin and the axes 
passing through the circular points at infinity, the equation 
of the curve may be written 

ay + ojy ( & + my) + aoi? + hy*-\- 2hxy + 2gx + 2fy « 0, 

and xy-ay — ^x^^O represents a circle through the origin 
whose centre is a, 13. Forming the equation of the lines 
which join the origin to the points where the circle meets 
the curve again we have 

(ay-^fixY + iay-^fixYilx+my) 

+ (ay + i8») (oa?" + J^' + 2Aary) + 2a?y (^ +;^) = 0. 
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Now if the coefficients of x*j/ and ay* in thia equation 
vanish) these three lines will be parallel to the sides of an 
equUateral triangle; thus we have 

3a'i8+fa* + 2mai8 + J/9 + 2Aa + 2/= 0, 

3a)8* + «i)8* + 2Zai8 +aa + 2Ai8 + 25r = 0. 

Multiplying the first equation by fi and the second by oe, 
and subtracting^ we get 

and, combining these three equations, we have 
(?-3a)a'-(w*-3J))8* + (2AZ-wa-65')a 

-(2Am-»-6/)i8 + 2({/*-msr) = 0, 

which represents an equilateral hyperbola having five points 
in common with the two cubics. ,Thus we see that five 
circles can be drawn to satisfy the given conditions, and 
that their centres lie on an equilateral hyperbola. 

340. A rectangle is inscribed in a bicircular quartic; to 
find the locus of its centroid. 

Taking the origin at the centre of the focal conic and the 
axes passing through the circular points at infinity, the curve 
may be written 

03 V + aaj* + iy* + 2 Aa?y + 2^05 + 2/^ + c = 0. 

Let a:^ — ay— )8aj + A* = be the equation of the circle 
circumscribing the rectangle; then, eliminating y between 
the equations of the circle and quartic, we get 

()8* + a)a5*-2(A'i8H-aa-Ai8-5r)ai» + &c. = 0; 

hence, 2x' 08* + a) = &*)8 + aa - hfi -5^, 

and, similarly, 2y' (a" + J) = A*a + J/8 — Aa — /, 

where x\ y' are the coordinates of the centroid of the 
rectangle. 
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But the centroid of the rectangle coincides with the 
centre of the circle ; therefore 

whence, eliminating A;', we have 

an equilateral hyperbola which passes through the feet of the 
normals which can be drawn to the curve from the origin. 

341. By exactly the same method which we used in 
Ex. 255, we can show that, if any point P of a bidrcular 
quartic be joined to four concyclic foci, the tangent to the 
curve at P is divided in a constant anharmonic ratio by the 
perpendiculars erected to the joining lines at the fod. 
Also, if ^.»! 1-0 

be a focal conic, and 

the corresponding Jacobian circle of the quartic, a drde 
having double contact with the curve may be written 

S=ai*4y'-2a(a:-a)cos0-2J(y-i8)sin^-^=:O; 

and the envelope of the polars of P[x\ y') with regard to the 
circles 2 is the conic 

which, by the mode of generation, evidently touches the four 
perpendiculars, and also, as can be seen from its equation, 
touches the curve at P. Now, if a point P be joined to 
four points on a circle and perpendiculars be erected at 
these points to the joining lines, we know that these per- 
pendiculars are tangents to a conic of which P is a focus. 
But the two conies, described through any point P of the 
locus of the foci of inscribed conies to touch the sides of a 
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quadrilateral, cut each other at right angles at P; in fact, the 
tangents to these conies are harmonically conjugate with 
every pair of tangents drawn from P to an inscribed conic 
(Salmon's Conies^ Art. 344) ; and since, when P is a focus of 
an inscribed conic, one of these pairs passes through the 
circular points at infinity, it follows that the tangents are 
at right angles to one another. The two conies evidently 
correspond to the two confocal quartics which pass through P, 
and we thus have a proof that two such quartics cut 
orthogonally. 

We can also show that the tangent at any point P of a 
bicircular quartic is divided in a constant anharmonic ratio 
by the polars of P with respect to four fixed circles of the 
same system having double contact with the curve. This 
ratio, it is not difficult to see, is equal to that of the pencil 
joining any point on the focal conic to the centres of the 
four circles. 

342. To find the tangential equation of a conic touching 
a bicircular quartic at four points on a circle. 

If J^=— + ^-1 = 

'"ayb,' 

be a focal conic^and 

.^ = aj" + y" - 2a?jaj - 2y^y + 1^ = 0, 
the corresponding Jacobian circle of the quartic, the equation 
of the curve is 

(a!'*+ / - «.•)' - 4a,' {X - x,)» - 4 J,* (y - y,)* = 0. 
Now we know that the quartic can be generated in this 
manner in four ways, and that the four conies P,, F^^ &c. 
are confocal ; hence, equating the terms in two forms of the 
equation of the curve, we obtain the following cubic in a' 

a a -^c a ''a^ 
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(where k^ is the radius of F^) to determine the semiaxes 
a„ Ag, a^ of the three other focal conies. From this equation 
we obtain 

.,_ («.'-0(«/-a.')(V-a.') 
and, by symmetry, we have similar values for k^j h*^ Je^ ; also 

Now the equation 

^+^(a;'+y-O+a,*(a!-«.)*+V(y-y.)*-^-0 
represents a conic touching the quartic at four points on the 
circle a3" + y' + 2^ — <,* = 0, and if we form the condition that 
the line a; cosa> + ^ sin o — p = should touch F, and arrange 
accordmg to powers of 6, we have 

fl* +...+a^*J^* (ajj cosco + y^ sinw — ^)' = ; 

whence Ofi^O^^^ — a^b^p^^ where ^„ 0^^ 0^ are the parameters 
of three conies of the system which touch the line, and p^ is 
the perpendicular from the centre of J^ on the line. Let us 
put = \* - a^^ and let r be the radius of the circle through 
the contact of F, then 

^d ^^.,«-v)(v-y)«-v), 

and hj symmetiy there are similar values ioT p^ VttP^ 

Eliminating \ and \ between these values V>f p^f Sca^ 
we obtain 

which may be regarded as the tangential equation of V. 

The discriminant of this equation with regard to X* will 
evidently give the tangential equation of the quartic 
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343. The three conies of the system in the preceding 
example which can be described to touch an inflexional 
tangent coincide; hence, these tangents are given bj the 
equations 

^» <j7~'^«~ a;b* '-^»~ a,'V '^*" o/j; » 

and since, as can be easilj seen, 2^ = 0, identically, X' is 

g^ren bj the equation 

(a.«-X')t (a/-V)f (a/-V)i , K'-V)* _ 

aAV "^ VA" "M" «A*/ ~ ' 

which when cleared of radicals is of the twelfth degree, as 
it ought to be. 

If we eliminate X* between the values of p^^ j?,, jp,, we 
obtain 

(a;-a/)(aAi'.)'+ «-«.*) («Ai>.)'+ («.'-<) («Ap.)'=OJ 

hence, the twelve inflexional tangents are touched by this 
curve, which is a projected form of the lemniscate, and^ 
therefore, of the sixth class and fourth degree. There are 
of course four such curves corresponding to the four centres 
of inversion. 

If the tangential equation of Fbe written 

u4A.*+J?X*+ax' + i> = 0, 

the equation 

will represent a system of curves of the fourth class touching 
the twelve inflexional tangents. 

344. If the conic 
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be referred to Its axes, show that it can be written 

where X, a^, &c. have the same meaning as before. 

345. If the two conies of the system 

which pass through a point P, cut each other orthogonally 
at P, show that the locus of P is the circular cubic 

346. Show that the locus of the poles of a fixed line with 
regard to the same system of conies is a nodal cubic passing 
through the four centres of inversion. 

347. Show that the locus of the vertices of the same 
system of conies consists of the two quartics 

y'{a«(aj-a)«+J%-i8n-5V(y-/9)(^'+3^-O + %-^)* = 0. 

Show that these two curves cut each other at right angles 
at the four centres of inversion. 

348. If F=^+^(a:' + y*-0 + aV»-a)* + &'(y-i8)«, 

the quartic which is the envelope of V can be written 

i8'-4F=0. 

Now let us transfer the origin by parallel axes to a point 
on F, and transform to polar coordinates, then, if we consider 
the radius vector at the origin which touches F, the four 
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points where this radius vector meets the quartic will be 
given by the equation 

(p* + Mp + NY" 4: {{a'+0) cob'<I>+{V + 0) sin'^} p' = 0, 

where p* + Mp + -N" is the result of transforming 8j and ^ is 
the angle which the radius vector makes with the axis of x. 
Hence, if a, fi be the roots of the equation 

p* + Mp-\- N+ 2V((a' + 0) cos'</> + (5' + 0) sin'</>} p = 0, 

and 7, S those of the equation 

p* + Mp + N- 2V{(a' + 0) cos'<f> + [b' + 0) sin'^} p = 0, 

we have 

(a +^ - 7 - S)' = 1 6 {(a' + 0) cos'</> + (i* + 0) 8in»</>}. 

Now if we consider the three conies which can be described 
to touch a given line, we shall evidently obtain the equations 

(a + ^ -. ry - 8)' = 16 (5, + a' cos'^ + V 8in'</>), 

(a + 7 - /S - S)» = 16 (5, + a' cos'<^ + 5' sin'</>), 

(a + S - i8 - 7)' = 16 (^3 + a* cos'<^ + J' sin'</>), 

where 0^^ 0^^ 6^ are the parameters of the conies. Hence, 
we have 

(a-8)(/9-7)-4(5,-^.), 
(^-8)(7-a) = 4(5.-5.), (7-8)(a-/3) = 4(^.-^.), 
and S(a-8)'(i8-y)' = 16S(^,-^.)', 

S(a-S)'(/3-7r(a-/3)(S-7) 

= 64 (5. + 5. - 26,) {e, + 0,- 26,) [6, + 6, - 25,). 

Thus if a line meet the quartic in a, i, c, eZ so that 
Sae?,ic', or '2acP.bc\ab.cd^ is a constant, its envelope will be a 
curve of the fourth or sixth class, obtained by putting H or 
O of the cubic for X' in Ex. 342 equal to a constant. 

349. If a line meet the Cassinian oval 

(«'-»-y)'-2c'(aj'-y')+A;* = 
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in a, i, c, d^ so that ^ad?. h? = e2*, its envelope will consist of 
the confocal conies 

where /li,', /li,* are the roots of the equation 

If d vanish the line is divided equi-anharmonicallj bj the 
quartic ; thus we see that if the curve be written 

the contravariant c breaks up into the factors 

a' + /9' + 7'±2A;V3a)8 = 0. 

350. If a line is divided equi-anharmonicallj by the 
quartic 

we can show that it touches the curve parallel to the conic 

at a distance equal to \ V{3 (a' + V)\. 
If a' = 36', we see that for the curve 

the contravariant a is the product of the two circles 

351. Beferring to Ex. 348 we see that the absolute termft^ 
of the two quadratics, which determine the intersection of a 
tangent to the conic 

with the quartic, are equal; hence oa.oh^oc,od^^\xKt^o is 
the point of contact of the tangent. If 27 be fixed, we can 
find the locus of the middle points of ah and cd. We have 

a + /8 -^ - S = iV{(a' + Q) cos'</> + (J» + B) sin'^} ; 
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but If p be the perpendicular from the centre of the focal 
conic on the line bisecting at right angles ab or cdj it can be 
easily seen that ^ = ±i(a + i8 — 7 — S); therefore 

y = (a» + 0) cos'if) + (6' + 0) sin V, 

from which it follows that the lines bisecting ab and cd at 

right angles are tangents to the conic -^ — ^ + w/a "^ ^• 

Now this conic and U are of the same form as the two 
<2onics in Ex. 158, and the locus of the middle points of ab 
and cd is evidently the locus of the intersection of rectangular 
tangents to these two conies. Thus we see that the locus 
breaks up into two bicircular quartics. 

In the case of the central bicircular quartic we can arrive 
at this result directly. For the perpendicular from the origin 
on the tangent to the conic 

is proportional to 

V{(a' + 6) cos'(f> + (J' + 0) sin'<^}, 

and is, therefore, in a constant ratio to the perpendicular from 
the. origin on the line bisecting ab or cd at right angles. The 
middle points of ab and cd are, then, the points where lines 
drawn from the centre of a conic meet tangents to the conic 
at a given angle, and this locus evidently consists of two 
bicircular quartics having the origin for a node. 

352. Show that the locus of the foot of the perpendicular 
from the origin on a line cutting off two equal intercepts from 
the quartic ^ 

is the equilateral hjperbola — • — c* = 0. 
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353. Show that the commoa tangents of the conies 



are divided harmonicallj by the quartic whose equation b 
given in the preceding example. 

354. If the quartic 

consist of two ovab, one wholly inside the other, two tangents 
to the conic 

will cut off from the space between the two ovab areas whose 
difference can be expressed by means of logarithmic and 
circular functions, the conic F being supposed to lie wholly 
within the inner oval. 

Beferring to Ex. 348, we have 

= 162 V{(a* + 0) cos> + (i* + ^ sin"^}, 

where q is the perpendicular from the origin on the normal 
to Fat the point of contact. But if dS^ dS be elements of 
the areas cut off from the space between the ovals by a 
tangent to F, we have 

therefore rf/8- rffif' = i(a' + 7* - )8« - 8») # 

= 82V{(a" + 6) cos> + [V + 0) sin*^} d^ 
= 8 V{(«" + S) cos'<^ + {V + 0) sin*^} (^, 

where p is the perpendicular from the origin on the tangent. 

Now, writing Fin the form 

b^+0 ■*■ a'^0 "^' 
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we find 

hence 

where m' =« (a' + 0) cos'<^ + (J* + 0) sin^i^,^ 

The points a, S are supposed to lie on the outer oyal, and 
/3j 7 on the inner, and the point of contact with V is such 
that ay^^fiB ; the tangents also are supposed to intersect within 
the inner oval. 

For the central bicircular quartic x' and ^' vanish, and the 
difference of the areas is algebraic. 

355. If the equation of a Cartesian oval be written 

the equation 

/&=/*' + 2/* (os' + y* -A") + a'(a; - w) = 

represents one of the circles having double contact with the 
curve at points on a perpendicular to the axis. The equation 
of the curve may then be written (oj* + y* — A* + fi)* = S^ and 
bj the method which we adopted in Ex. 348, we can show 
that, if a line meet the curve in a, i, c, df, we shall have • 

a + i8-7-S = 2V(2/Aj, a + 7-i8-8 = 2V(2/^,), 

a+S-^-7 = 2V(2/i3), 

where fi^^ /i,, fi^ are the parameters of the three circles of the 
system which touch the line, and a, &c. are the distances 
of a, &c. from a point on the line. 

Now if r be die radius and x' the abscissa of the centre 
of /&f, we find 
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where c?,, d,, d^ are the distances of the three coUinear foci 
from the origin ; and from this relation we see thait, if 8 
touch the line 

ic cos© + y sina -^ = 0, 

we shall have 

x^p-x* cos a)* - (aj' - e?,) [x' - d^ [x' - d^ = 0. 

Let Xj, a;,, x^ be the roots of this equation, then since 

ass 

_ a _ a _ a 

"'•-i^' ^'-i;;:.' ''»-^.' 

■ 

we have «, =t ^ kt^ , aj- = &c. 

Hence, being given the sum or difference of the intercepts 
of a line on a Cartesian, the envelope of the line is a drde 
having double contact with the curve. 

Putting c?j + c?j + d^ =2^j, &c. the cubic in x' can he writtea 

oj" sin'oi - x'^ {Pi^^p cos©) + «' (p, —p^) —p^ = 0, 

from which we see that a line touching a circle about the 
double focus as centre meets the curve so that 

2 (a + i8 — 7 — 8)' = a constant, 

and that a line parallel to a given one meets the curve bo that 

(a + ^-7-S)(a + 7-/3-S)(a + S-i8-7) 

is given. 

Substituting d^^ df,, d^ successively, for x in the identity 

{aj' — eZJ («' — rfj (a?'- d^^-oi [p-oi cosg))* 

= sm'© (aj' - a?J (a?' — a? J (as'-ftli 

and eliminating^ and ©, we obtain 
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which gives the identical relation connecting the intercepts' 
of a line on the curve. 

^f Pi^^PiPsj ^^ which case the curve consists of a single 

oval, we can show that any line drawn through the double 

focus is divided equi-anharmonically by the curve. 

356. If two tangents be drawn to the circle 8 in the 
same manner Sffi in Ex. 354, the difference of the areas^ 
intercepted on the space between the ovals of the Cartesian 
will be algebraic. 

357. If a bicircular quartic meet a conic, the sum of the* 
eccentric angles of the eight points of intersection is equal- 
to zero or 27r, see Ex. 122. If, then, the conic touch the 
quartic four times, the sum of the eccentric angles of the 
points of contact is equal to zero or tt. In the former case 
the points of contact are concyclic, and the system of conics^^ 
is that considered in Ex. 342. In the latter case the points^ 
of contact lie on an equilateral hyperbola whose asymptotes^ 
are parallel to the axes of the conic, see Ex, 124. If we 
write the quartic 

where 

Ssx'+y'--2ax-2^y + k\ p'^y'+{x~c)\ p'«=/+ (a; + c)% 

the equation 

U= 5 — w cos <^ (aj* — y' — c*) — 2 rmcy sin <^ = 

will represent one of the latter system of conics; The point^^ 
p, p' are evidently foci of the quartic, and since there are six 
pairs of foci, there thus appear to be six systems of these 
conies. 
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If be the angle between the aaymptotes of U^ we have 
tan^ = V(^*— 1), and m = 8ec^, from which we see that the 
eccentricity of U is given. 

358. We find for the equation of the director circle of TJ 
(1 — w") (aj* + y*) — 2 (a + wa co8<^ + mp Bin<^) x 

- 2 (/3+ wa 8in0 - m^ coB<^)y + 2 (J'+mc' cos^) - a"- /8' = 0, 
from which we see that the centre of Z71ies on the circle 

We also see that the director circle cuts orthogonally a 

fixed circle whose centre is -5 — tsi -5 — 7^% and that it, 

a +p'^ a +0^^ ^ 

therefore, has double contact with a Cartesian oval. 

359. Putting m = sec^, we may write U 
(cos^ — COS0) X* + (cos^ + COS0) y' - 2 sin^a?y — 2 cos0 (aa^f jSy) 

+ i' cos ^ + c* cos^ = 0. 
The equations of the asymptotes of U are then found to be 
y + a cot^- tani {(^-0) (aj-/8cot ^) = 0, 
y-a cot5- tan^ (<^ + ^) (aj + /8 cot^ = ; 

they, therefore, pass through the fixed points fi cotd, — a cot0; 

— ^ cot ^, a cot 0y respectively. 

From the equations of the asymptotes we easily find tke 
equations of the axes of Z7, viz. 

they, therefore, pass through fixed points. This might be 
seen at once from the fact that the asymptotes include s 
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constant angle and pass through fixed points on the circle 
on which thej intersect ; for it can be seen that the points 
=f /8 cot ^, ± a cot 5 lie on the circle 

(« ^ a)* + (y - i8)« - w» (a;» + y'') = (Ex. 358). 

360. Writing U in the form 

(l-w)Z«4(l + 7n) r»- G=Oj 

Where -3r=^a;-^-^) cosi<^ + (y ^^— ^) sin^<^, 

^ a* (1 4- m COS0) 4 /8* (1 — m cos<^) + 2mal3 sind 

(/=■ 1 

1 -w 

- {J^-\-m<? cos^)^ 
the foci will evidently be given by the equations 

from which we see that the locus of the foci consists of two 
nodal bicircular quartics, the node in each case being the 
point through which the corresponding axis of 27 passes. 
The equations of the tangents at the vertices of Z7 being 

(l-w)X«-G^ = 0, (l+m)r»-G^ = 0, 

these lines touch a pair of conies, and the vertices themselves 
lie on a pair of nodal bicircular quartics. 

361. A circle is described through the centres of the 
quadr\lateral formed by the points of contact of U\ show 
that the locus of the centre of the circle is 

(2aaj + 2i8y + a'+ i8«- 2*")«= 4m" {(oa? - /Sy - c')" + [ay + /Saj)'}, 

a conic of which the radical centre of the director circles 
of Z7is a focus. 
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362. To find the equation of a Cartesian oval paaung 
through four points on a circle. 

Let i8'=»"+3/»-*» = 

be the equation in rectangular coordinates of the circle, and 
let a'-i8 = 0, where 

a = lx'\-my^ fi=px + qy + r 

denote one of the parabolas whose intersection with 8 
determines the four points, then 

where and X are arbitrarjr parameters, represents a Cartesian 
oval passing through the four points ; for this equation may 
be written 

(flf+^a + X)«-(X* + ^/8 + 2^=0, 
showing that the curve is a Cartesian oval, of which 

X'H-^i8 + 2^Xa = 
is the double tangent, and the centre of the circle 

S+ea-\-\ = 
the triple focus. 

Since two parabolas can be described through the four 
points, it follows that there are two systems of Cartesian 
ovab passing through the points. 

Froni the equation of the double tangent we see that it 
is always a tangent to the parabola a* — )8 = 6, and from the 
equation 8+0a + \^O we see that the triple focus lies on 
the perpendicular to a at the centre of 8. 

For the equation of the axis of symmetry of the cunre 
we find 

2^(5'aj-^) + 4X(maj- Zy) + (7j- wp) ^ = 0, 

whence,, if the cunre pass through another fixed point, the 
axis will touch a conic. 
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The equation of a circle 2, having its centre on the axis 
of sjrmmetiy, and having double contact with the curvCi is 
easily seen to be 

/ii« + 2/*()S+^a + X) + \' + ^)8+25Xa = 0, 

or (X + /ii)'-f2^(\ + /ii)a + ^i8 + 2/*i8=0; 

from which it appears that the radical axis 

of 2 and 8 touches the parabola a' - ^3 = 0. 

Hence, when the radius of 2 is given, its centre lies on a 
given circular cubic; for, expressing that 

2aj'aj + 2y'y-(aj'* + y'» + *"-r*) = 0, 
the radical axis of 8 and 

touches the parabola a* — ^3 — 0, we obtain a relation of 
the form 

^a^ + %" + 2J?ajy + (G^aj + Jy) (0^ + 3^ + A:*- = 0. 

Putting r equal to the distance of a;, y from one of the 
given points, we see that the normal to the curve at one of 
these points meets the axis on two fixed lines passing through 
the centre of 8, When r vanishes we obtain the cubic loctts 
of the three coUinear foci. 

363. Writing a Cartesian oval in the form 

F= ojV + «• (c«' + 2^0 + 25r0a? + 2Aa:y) = 0,^ 

where a;, y, pass through the circular points, and z is the line 
at infinity, we can verify the identity 

X {{gx' -Vfy') (ay + A«*) - (aj'y + y'x) L], 
where L=^2gx + Vtfy-\-{c-W)z. 
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Hence the points of contact of parallel tangents lie on a 
conic which passes through four fixed points. By writing V 
in the form 

(ary + *«")* + «' {^x-^ 2fy + (c - A') z] =0, 

we see that two of these points are the points of contact of 
the double tangent. 

If we seek the locus of points from which the tangents 
to V have their points of contact on a conic by the method 
of Ex. 311, we obtain the product of the line at infinity by 
the axis of the curve. 

364. A triangle is formed by two foci of a Cartesian and 
a variable point on the curve; show that the locus of the 
centre of the inscribed circle is a circular cubic passing 
through the same foci. 

365. Four points A^ B^ (7, D are taken on a Cartesian 
oval, of which is a focus ; if 

P= OA.BCD^ OB. CD A ^^ 00. ABB ^ OB. ABC, 

Q= OA\BCD^ OR.CDA^- OC'.ABB-- OB". ABC, 

where ABC is the area of the triangle ABC, &c. show that 
the ratio of P to Q is of an absolute constant of the curve. 

366. Using the notation of the preceding example, if 
be the triple focus of the Cartesian, and 

i2= OA'.BCB-- OB*. CDA-vOC.ABD'- OB^.ABC, 

show that the ratio of Q to R is an absolute constant of the 
curve. 

367. A circle passing through the double foci and a 
point Pon an ellipse of Cassini meets the normal at Pin Q; 
3how that the locus of Q is the inverse of the curve with 
respect to the circle described on the double foci as diameter. 
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36&. If S be the angle of aberrancy at any point of an 

ellipse of Cassini, show that cotS = ^sin^co8 5, where p is 

the radius of curvature, r the central radius vector and the 
angle which the central radius vector makes with the curve. 

369. Given four points on an oval of Cassini to find the 
locus of the centre. 

The polar equation of the curve referred to its centre 

/-2cVcos2^ + c*-A;* = 

is satisfied by assuming 

r*cos2^ = c'+ A*cos20, r"sin2^ = **sin20; 

hence, if p,, denote the central radius vector to the middle 
point of the chord (12), we have 

(12) P.. = iVK* + r*- 2rX co82 {0^ - ^.)} = *» sin (<^. - ^J, 

jfrom 'which, bj means of the identity 

sin (^, - ^J an (^, - ^ J + sin {<f>^ - <\>^ sin (<^, - 0J 

+ sin {4>, - ^.) sin (^, - ^ J = 0, 
we deduce 

(12) (34) p,^„ + (23) (14) p^,, + (31) (24) pj,^ = 0. 
Now this relation may also be written 
BO.BC'.PA.PA±CA. GA.PB.PE±AB.AF.PO.PC'^0, 

where -4, 5, C are three fixed points on the curve, A\ B^ C 
the points diametrically opposite A^ B^ (7, and P a variable 
point on the curve. 

But the middle points of the sides and diagonals of a 
quadrangle form two triangles such as ABG^ ABG\ the 
common point of bisection of AA\ &c. being the centroid, 
and the chords (12), (34), &c. are equal to double the lines 
AB.AB^ &c. respectively. Thus we see that the required 
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locos is an oval of Casoni pasong through the middle points 
of the six lines joining the given points. 

When the four points lie on a circle, we have seen that the 
locns is an equilateral hyperbola (see Ex. 332). 

370. A circle 8^ cutting orthogonally the circle 

meets one of the ovals of the Cassinian 

r»-2(a» + 6»)r'cos2«+(c^-6y = 

in -4, jB, A\ B, the points -4', B being inverse to -4, -B, 
respectively, with regard to e/'; if the difference of the arcs 
ABj A'B be given, to show that the locos of the centre of 8 
is a conic. 

If 0, (7 be the points in which the radios vector » 
meets the oval, we can show that 

where a sin 6 = JicF + V) Anfi. k = -771 — ttx • 

^ ^ ' ' V (» + b) 

We have, then, when arc-4S— arc A'B is given, 
cos(r es cos^, cos^2 + sin^, sin^^ V(l — ** sinV), 

where (t is a constant, sobject to which condition it can be seen 
that the centre of 8 moves along a conic confocal with 

If the som of the arcs AB^ A'B is given, the centre of 8 
will move along a carve of the fourth order ; for it can be 
shown that 

arc^0+arc^'(7 = ^^7|^i^(i^^ 
where 6sin^' = V(a* + 6')Bin^, A;'"«l-i'. 
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371. If we take two points P, P\ coDnected by the 
relations rr = c*, O-^-ff^ 0, on the curve 

r*-2(2a* + c*cos2^)r*+c* = 0, 

the distance between P and P* is equal to 2a, and the locus 
of the middle point Q of PP* is the Cassinian oval 

r*-2c^co82^r* + c*-a* = 0. 

The normals to the curve at P and P' intersect at a point Q' 
on the Cassinian oval 

(c* - a*) r* - 2c* cos2^y^ + c' = 0, 

Q and Q' being connected hj the same relations as P and P', 

872. To obtain an egression for the arc of the inverse 
of the parabola ^'=:4m(a;~a}} the origin being the centre 
of inversion. 

Putting JB = a + w/A*, y = 27w/a, we have, for the arc a of 
the inverse curve, 

«' + y' (a + »«/*')* + 4wV ' 

Ifi then, a be greater than S^n, we find 

where 
^ =s a + 2w + 2 V{^ (a + 'w)}) J = a + 2m — 2 V{^ (a + w)}| 

If a < 3m and > — m, the second member is replaced bj 
a circular function, and when 

. A* - /3 + 2«V2\ 

« = ^^^^='3^rV2^'«U~^W2J' 



» = 



176 Examples and Prohlems on Sictrcular QuartiC3. 

The semi-perimeter of this carve will be bisected at the 
point where « = J. 

When a + 7w > 0, we can obtain the integral by assuming 

w/i' + a + 2w = 2 V{— wi (a + wi)} tan (^ + 7), 

and determining 7 by the condition 



tan 27 = - 2 



(2a4-37w) 



V U + W 



a + 6m 
(See Williamson's Integral Cahuhis^ Art. 76). 

373. ^ is a point on a fixed circle, and B a point on 
another fixed circle; if the line AB pass through a fixed 
point, show that the locus of the anti-points of A and jS is a 
bidrcular quartic. 

374. Show that the bicircular quartics 

+ (a:'4yT-2c''{a:'-y«)+o* = 0, 
a!x ipifJfy'- c^)-\'Py (aj' + y' + c'*) + 7 (a^' + y') 

+ (aj' + y*)"-2c'(a;'-y')+c*-0, 
cut each other orthogonally, if 

aa' + )8/3' = 2(7 + 7')- 
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lY. Miscellaneous Examples. 

375. To find the eqaation of the circle circamscriblng 
the triangle formed by three tangents to a tri-cospldij, 
hypocycloid. 

If we write the equation of a tangent to the curve in the 
fomf ajcosa-fy sina— 6co83a=0 {Salmon^s Curves^ Art 310, 
Ex. 5), the equation of the circle will be 

sin 08 — 7) (aJ cos)8 -f y sin^S — b coaSjB) {x cosy + y siay — h COS37) 

+ 8in(7— a) (a? cosy-f y siny— 6 cosSy) {x cosa+y sina— 6 cosSa) 

4 rin(a— i8)(a; cosa4-^ sina— 6 cos3a)(a5 cos^S+y sin^-S cos3i8}ss0» 

Multiplying out this equation, and dividing by 

sin {13 — 7) sin (7 - a) sin (a — /S), 
we get 

x^+tf'- 2J(cos2a4- cos2)84- cos27)aj+ 26 (sin2a+ sin2)8+ Bin27)y 

+ V{S cos(/8-7) cos(7-a) C08(a-)8)-l-2 cos2 (ai-fi-hy)} = 0, 

If i2 is the radius of this circle, we find B = 2b cos(a+i847). 
Hence we see that when the tangents pass through a point, 
a + )84-7~i^* When the normals at the points of contact 
pass through a point, a 4 /S + 7 = 0, and then B = 2b. 

376. To find the equation of the polar circle of the same 
triangle. 

The equation of this circle is 

8in2 (^ — 7) (a? cosa 4 y sina - 6 cosSa)" 

4 sin2 (7 - a) (a; cos)8 4 y sin^S - 6 cos3)8)' 
4 sin2 (a — i8) (a? CO87 + y sin 7 - J COS37)* =» 0^ 
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which becomes, when we multiply out and reduce, 

ai" + y* - 2 J {cos 2 ()8 + 7) + cos 2 (7 + a) + cos 2 (a + )8)} a? 

- 2J {8in2 (iS + 7) -f 8in2 (7 + a) + sin2 (a + P)] y 

+ 6*{l-8cos(i8-7) cos(7-a) cos(a-/8) cos2(a+i8+7)}=0. 

* From the expressions for their coordinates, we see that the 
<:entre8 of the circles in this apd the preceding example are 
equidistant from the origin; hence we infer that the line 
bisecting at right angles the line joining the centre of the 
tirctimscribing circle and the intersection of the perpendictdars 
of the triangle formed by three tangents to a tri-cuspidal 
hjpocycloid passes through the intersection of the cuspidal 
tangents. 

If a, )8, 7 be the equations of the sides of the triangle in 
trilinear coordinates, the equation of this line is 

a SU13.4 + )8 8in35+ 7 sin3C7=0. 

If we take four tangents, the four such lines, which 
correspond to the four triangles formed by the tangents, pass 
through the intersection of the cuspidal tangents. Thus we 
see that, for the four triangles which can be formed out of a 
quadrilateral, these lines in general'.pass through a point 

377. From the equations of the circumscribing and polar 
circles we can obtain the equation of the nine-point circle of 
the same triangle, tIz. 

»*+y*— 26 sin^ {sin()8 4 7— «) + sin{7+a— )8)+ 8in(a+i8— 7)}aj 

+ 2& sin^ {co8()8 + 7— a) 4 cos(74 a- )8)+ co8(a 4/8— 7)}y 

4 6' {8 sin** cos ()8 — 7) cos(7- a) cos(a— ^3)- cos 25} ^0, 

where a = a 4 )8 4 7. 

If a = 0, or the normals at the points of cohtact pass 
through a point, the nine-point circle is the fixed circle 
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378. To find the equation of the circle inscribed in the 
same triangle. 

Expressing that the tangent ar cosa + y sina — 6 cos 3a =» 
touches a circle whose centre is x\ y\ and radius r^ we have 

where e** = ^. From this equation we get 2cosa«=0, 
;a sina = 0, 2a = 0, aj' - iy' = - 6Se'^"*^>, oi + tV = - 6Se-'^-^^>, 
and from these relations, by eliminating three of the angles, 
we obtain 

ar' = 6(P«- Q»-2Qsin5), y = 2JP(Q- sina), 
where P=cosa+cos^4-cos7, (2 = sina + sin^ + sin7, 

«=?a4-i8H-7. 

We also get r = J cos«(P'+ $'- 1), and if V be the 
absolute term In the equation of the circle, 
A*=6'{(P»+ (2*+ 1)* sin«5 + 2 (P«+ (2«)+4(2((2»-3P*)sina-l}. 

As the equation of a tangent is unaltered by increasing 
a by TT, we shall evidently obtain the equations of the three 
escribed circles by increasing one of the angles by tt. 

379. If four tangents ojcosa + ysina — 6cos3a = 0, &q. 
of a tri-cuspidal hypocycloid are all touched by the same 
circle, we have 2 sin (a + ^) = 0, or any one of the ponditions 
obtained by interchanging a, )3, &c. in either of the following : 

sin (a + «) + sin (i8 + «) — sin (7 + «) — sin (S + «) ?= 0, 
cos (a + 5) + cos (/8 + 5) + cos (7+ 5) — cos (S + 5) = 0, 
where 25 = a4-)8 + 7 + S. 

380. If the normal at a point P of a tri-cuspidal hypo- 
cycloid meet one of the axes of symmetry in Q, show that 
aj' = 27Jr', where PQ^r^ and x is the distance of Q from the 
corresponding cusp. If r„ r^, r^ be the three values of r 
corresponding to the three axes of symmetry, show that 

K-r,)' + K-r3)«+(r3-r,)« = 162&», t^^t^^t^^^. 
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381. If two tangents from a point P to a tri-cuspidal 
hypocjcloid contain a constant angle, show that the locus 
of P is a tri-nodal qnartic which touches the line at infinity 
at the circular points. Show also that the nodes of this 
quartic lie on the axes of symmetry of the curve and form 
an equilateral triangle. 

382. A line cutting off a constant intercept between the 
lines 05* — y* = may be written a; coso) + y sina> — eZ cos2(o=0, 
the envelope of which, as is well known, is the curve 

If four tangents of this curve x cosa+y sina— e? cos2a:^0, &c, 
are connected by the relation a + ^ + 7+S = 0, it can be 
shown that they are all touched by the same circle. 

It is not| however, necessary that this relation should hold 
if four tangents are touched by the same circle. 

383. Show that three tangents from any point P of the 
circle oj^+y* — c? = to the curve, whose equation is given in 
the preceding example, are parallel to the sides of an 
equilateral triangle. Show also that the osculating circles at 
the points of contact of these tangents are touched by the 
fourth tangent from P to the curve. 

384. Show that the equation of the circle inscribed in the 
triangle formed by the lines a; cosa + y sina — (2 cos2a = 0, &c. 

is (a.-a57 + (y-y7-r' = 0, 

where «'= 4rfcosJ()84y) cos4(7 + a)cosi (a+;8), 

y' = -4rfsmJ()8 + 7)sin4(7 + a)sinJ(a + )8), 

r=- (Z {cos (/3 + 7) + cos (7 + a) + cos (a + )8)}. 
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385. Show that an Infinite number of rigid equilateral 
triangles can be circumscribed about the curve which is the 
envelope of the line a;cosa> + ^sina> = & + G?cos2a>. Show 
also that the locus of the centroids of the triangles is the 
circle a?-\-y^=^d*, 

386. If a circle whose centre is x\ y\ and radius r touch 

the lines 

33 cosa + y sina - (i* + d cos2a) = 0, 

X cos)8 + y sin^ — (A; + rf cos2^) = 0, 

show that 

a;" t/" 
— TTT H-x + -^-ttt: Hr=8(?(A;±r-rfcos(a+i8)|. 

387. To show that the algebraic sum of the reciprocals 
of the common tangents of a circle and an arbitrary curve 
is equal to zero. 

We may write the tangential equation of the curve 

where % is a rational homogeneous function of coso), sinco of 
the r"* degree. Putting 

cosa) = — rr- , sma)=— -r--, 

this equation becomes 

ty+ry-' (a,+a/)+...+ z/'*+z,r-»+... z^=o, 

from which we see that the product of all the values of tj 
corresponding to the same value of p^ is independent of p ; 

therefore -j- 2© = 2 - = 0. 
ap t 

In a similar manner, by the use of polar coordinates, we 

can prove that the sum of the co-tangents of the angles at 

which a circle meets an arbitrary curve is equal to zero (see 

Exx, 81,271,338). 
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388. If t be the length of the tangent drawn from a 
point P to a curve, and p be the radias of curvature at the 
pouit of contact of the tangent, to show that, for all the 

tangents drawn from P to the curve, S 3= 0. 

If we write the equation of a tangent to a curve in the 

form 33 + /^y == a, it can be shown that -^ = ^ , where t is the 

length of the tangent measured from the point of contact to 
the point a, 0. But the tangential equation of the curve is a 
rational function of the n^ degree in a, /^, from which it 
follows that the sum of the n values of f& corresponding to 
the same value of a, is of the form oa + &• Hence we have 

389. If two curves be transformed by the substitutions of 
Ex. 35, show that the transformed curves cut each other under 
the same angles as the original curves. 

390. If £7 is a conic, and a;, y are lines, show that a 
common tangent of the curves 

is divided harmonically at the points of contact and where it 
meets U. 

391. Show that the four tangents to the tri-cuspidal 
quartic 

at the points where it is met by the line 

Ix + my + w« = 0, 
meet the curve again in eight points lying on the conic 

+ 2 (Sn-f-m) ay arO. 
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392. Given three tangents of a tri-cuspidal qiiartic, show 
that a nodal cubic can be described having these lines for 
inflexional tangents and passing through the three cusps 
of the quartic. 

393. Given three tangents and two of the cusps of a 
tri-cuspidal quartic, show that the locus of the intersection 
of the tangents at these cusps consists of nine right lines. 

394. Show that the equation 

V(y' + «' + 2ayz) -f V(«* + a?" + 2bzx) -f V(a* + y' + 2ca?y) = 0, 

represents a quartic of which the vertices of the triangle of 
reference are nodes. 

395. Let V be the polar cubic of a point P with respect 
to the.tri-nodal quartic 

x*y* + y^s? + s?Q? + ^Kyz (oa; + 5y + cz) = 0, 

then if the tangents to Fat the nodes pass through a point, 
show that the locus of P is 

(a-f Jc) a {y^^-z^) + (6-f ca)y (a'+fic") 4- fc + aJ) z {p? + y^) 

396.' The equation of a trinodal quartic being written 
in the same form as in the preceding example, show that 

4 {{a-lc) X + (6 - ca)fi-\'[c-db) v}* 

+ 3(l + 2a5c-a*-5*-c')S=:0 

IS the* tangential equation of the conic touching the six 
inflexional tangents, where 

S = X'' + /A' + v'-2a/iv-2JvX-2cX/* 

is the conic touching the six nodal tangents (Salmon's 
Curves^ Art. 286). . 
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397. The points of contact of the six tangents firom a 
point P to the quartic 

a;* + y«' + a5y + 2a?y (ayz + 5«b + ex*) = 0, 

(Salmon's Curves^ Art. 289), lie on a conic; show, hj the 
method of Ex. 311, that the locus of P is 

26(l-a')a^+2(l-a')ax+(c-aJ)ya + (a+6c-2aJ*)ay=0. 

398. Show that the same locus for the oscnodal quartic 
(yi? + a^)* + 2cxy(ya + a?*)+yia^ + y*4 2Aa^ + 2^«) = 0, 

is (l-c'-2/)aj+(A-cf)y = 0. 

399. Show that the* equations of the twenty-eight double 
tangents of the quartic 

a;*+y*+«* + 2^«'-f 2^«"a:' + 2Aa;y = 0, 
are y* sin*)8 + x^ an*a + 2ay sin a sinyS cosy = 0, 
a?* sin*7 + «* rin*a+ 2^*05* siny sina cos/8 = 0, 
«* sin*)8 + y* sin*7 + 2y'«' sin^Ssinycosa =0 j 
«V( cotia)±yV( coti)8)±aV( cotj7) = 0, 
ajV( tania)+yV( tani)8)±« V(- cot^) = 0, 
icV( tania)±yV(-coti)8)±«V( tani7) = 0, 

a;V(-cotia)±yV( tani^)±«V( tani7) = 0, 
where 

-_ co8a+ cosiS C087 _ cosi8+ cosa 0087 , _ coa7-f cosacosff 
"^ smpsm7 ' 8masm7 ' smasmp 

400. A circle 8 cuts orthogonally the drde r s g, and has 
its centre on the tri-cuspidal hypocycloid 

r* + 8&r» cos3^ + 186V == 276* ; 
show that the euTclope of 8 consists of the two imaginary 

parabolas 

(a±ty)"-6(a;Tty)=0. 
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' * — . 

401. Show that the curve 

(oaj + % + cf (a;* + / - k"") - (a? + a)' = 
has six foci lying on a circle. ' 

402. A triangle is inscribed in a conchoid of Nicomedes^ 
so that the circumscribing circle passes through the node; 
show that the centre of the inscribed circle lies on the 
asymptote. 

403. A line through the origin meets the conchoid 

again in two points ; show that the locus of the intersection 
of the normals at these points is the parobola y^ + bx=^ 0. 

404. If the centre of the nine-point circle of a triangle, 
whose base is fixed, move along a given conic; show that 
the locus of the vertex is a quartic curve of which the 
extremities of the base are nodes. 

405. If the feet of the perpendiculars from a point P on 
five given lines lie on a Cartesian oval of which P is a focus, 
show that the locus of P is a quartic curve passing through 
all the points of intersection of the given lines. 

« 

406. Given four tangents to the curve parallel to a 
parabola, show that the locus of the focus, is a nodal circular 
cubic passing through the centres of the circles inscribed 
in the four triangles formed by the given tangents. 

407. If t be the length of the tangent drawn from a point 
P to the nine-point circle of the triangle formed by the feet 
of the perpendiculars from P on the sides of a given triangle, 

show that 

i8»7»sin2^ + 7Vsin2B4-a'i8»sin2(7 



/' = 



2 (^87 sin-4 + 7a sinB + aff sin 6^) ' 
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where a, /S, 7 are the trilinear coordinates of P with regard 
to the given triangle. 

408. K A' be the area of the triangle formed by the lines 
biaecdng at right angles the lines which join a point P to the 
Tertices of a given triangle, show that 

,_ A ()87 8in-4 + 7a8inS+a^8inC)* 

where A is the area, H the radins of the circnmscribing circle, 
and a, /S, 7 the perpendicolars firom P on the sides of the 
given triangle. 

409. 'If S be the angle of aberrancv at any point of the 
curve whose polar equation is r" = a" ^m0, show that 



*"•*=* (rrS)*^**' 



where ^ is the angle which the radins vector makes with 
the cnrve. 

410. A curve of the m!^ degree, passing m times through 
each drcular point, meets a conic; show that the sum of 
the eccentric angles of the ^m points of intersection is equal 
to zero. 

411. Show that the foci of the cnrve 

1- •^— = 1 

a 

are the inverse points with respect to a?'+y* = Z:* of the foci 
of the curve 

a 
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■ 

Show that this is also true if the axes are ofoliqae, the 
circle of inversion being, in this case, 

ic* + y* + 2ajy cos Q> = ¥. 

412. Show that the quartic 

{xy + yz'\- zx)* = 16«*a5y 

has. a point of undulation at x=:tf=^2z^ and show that the 
tangent at this point is 05 4- y — 4« = 0. 

413. If 8 and T are the invariants of the four tangents 
drawn from x^ y, « 'to the quartic whose equation is given in 
the preceding example, show that 

8^ _ 16g" (4g - a? - y) 
' 271''' ■" {xy+yz + zX'-Szy* 

414. Show that the same quartic can be written in the 

form 

162?(aj-y)' = 27(y» + «a:)", 

and that the tangential equation of the curve is then 

j3" (/3 + 4a) - 16a'7 = 0. 

Hence, show that the reciprocal of this curve is a quartic 
with a triple point at which all the tangents coincide. 

415. Show that the contravariant <r of the quartic 

breaks up into two conies whose equations in x^ y^ z coordi- 
nates are 

jc' — «* ± 2yz = 0. 

416. -4, B are two variable points on a curve of which 
is a fixed point ; show that the loci of the middle point 
of the chord AB^ corresponding to the conditions 

(1) arc ^£= a constant, 

(2) arc .4 + arc J50 = a constant, 

cut each other orthogonallj. Show sdso that the tangents 
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to the loci are parallel to the bisectors of the angles between 
the tangents to the curve at A^ B» 

417. Show that according as we consider u or t^ as a 
constant in the equations 

x^^a cos{fnu -^mv) +ma cos{u— v), 
^ = a sin [mu + mv) -f ma sin {u — »), 

we obtain two systems of epicycloids cutting each other 

orthogonallj. 

418. Show that the systems of curves whose equations 
in polar coordinates are 

(r + ^)"(co8^)- = «, (r-^)"(sm^r=/3, 
cut each other orthogonally. 

419. If r, / are the sides P4, PB of a triangle formed 
by a variable point P and two fixed points -4, jB; 0, ff the 
base angles of the same triangle, and Xj y the coordinates of 
P with respect to the axes formed by the base AB and a 
perpendicular to it at its middle point, show that the system 
of curves 

where a is variablci and Z, m^ n are constants, is cut orthog^ 
nally by the system (tani^)'(tanj^')-=i8/. 

420. Show that the systems of curves 



y — j8 P ' a a — 05 



c» 



cut orthogonally. 

421. Show that the systems of curves 

cat ortbogoaaUy. 
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422. Show that the cuspidal cubic, which is the envelope 
of the line x-hty==m{l + f)+ a^^ cuts orthogonally the tri- 
cuspidal quartic which is the envelope of the line 

t[x-{-ty):=^nt[l-\-f)-\-a. 

423. Show that, if we take different values of k^ the curves 
of the fifth order, which are the envelopes of 

to+«V = **(! + + ^(1 + 0') 
cut each other orthogonally. 

This and the preceding example may be solved by means 

of the theorem that the curves which are the envelopes of the 

line X coso) + y since) -^ = 0, subject to the conditions 

^ COSCe)+^(o)) =Cj, jDCOSO)— ^(ce) + ^7r) = Cj, 

cut orthogonally. This may be proved by differentiating the 

first equation, substituting —p^ -^ iot '^- ^ p^ and increasing 

o) by ^TT, when we find the result of differentiating the second 
equation. 

424. To find the length of the inverse of the epicycloid 
with respect to the centre of the fixed circle. 

We have (see Salmon's Curves^ Art. 309) ^ = 6 cosno) ; but 

j^ ^ (^ "^ £) ^^ k' (1 - n') d (sin no)) 

The arc, therefore, is a logarithm, or circular function 
according as n is greater or less than unity. 

425. To find the length of the inverse of the epitrochoid 
with respect to the centre of the fixed circle. 

Wfe have, for the epitrochoid, 

2c = 9n& sin — J sin 7n0, y = m5cos0 — e^cosm^; 
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therefore 

^ Y'^ (P^m'b'- 2mbd cosi|rj ^{b' + ef - 2&c/ cosi|r) ' 

where -^ = (w — 1) 0. 

The arc, therefore, depends on elliptic functions of the 
first and third kind. 

426. If s be the length of the curve whose polar equation 
is ri = (cos^)J + (sin^)J, show that 

« = \/3 {Jtt - tan"* (V3 cos20)}, 
where tan'0 = tan 0. 

427. Show that the arc and area of the curve r' cos 3^= a' 
are expressed by means of the same integrals as the area and 
arc of the curve r* = a^ cos 3d, respectively. 

428. A circle passing through the origin and a fixed 
point on the curve / = a* cos 3d meets the curve again 
in ^, j& ; show that the middle point of the arc AB is fixed. 

429. A tangent drawn from a point P to an epicycloid 
is of given length a ; to find the arc of the locus of P. 

If /:> be the radius of curvature of the epicycloid, and o> the 
angle which it makes with a fixed line, it may be shown that 
<7a- = V(p' + ^'} ^^9 where a is the arc of the locus; but 
p==&cosno>; therefore, 

d<T^- »J[c? + V cos'0) d(f}y 

putting no> = 0. Thus we see that the arc required is always 
equal to that of an ellipse. 
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7. By means of elliptic functions the equation of the 
circle inscribed in a circumscribed triangle can be written in 
a form similar to that of the circumscribing circle of an 

inscribed triangle. For if m^ = 1 —j— , . o,, , &c. where 

^»j 0j, ^3 are the complements of the excentric angles of the 
points of contact of the tangents, it can be shown that 

v, = csni (Wj + Wg), &c. 

(see Enneper's Elliptische Functionen^ p. 501). 

If, then, x\ y' be the coordinates of the centre, and r the 
radius, we have 



c' 



a'= --sni(w,+ W3)8ni(w3-fttj8ni(w, + ttJ, 
a 



c* 



y' = - J cni (u, + Wg) cni (1^3 + w,) cni (w, + wj, 



a* 



r = y dn i (w, + W3) dn^ (^3+ wj dn^ [u^ + wj. 

Comparing the equations of the circles in Ex. 7 and Ex. I, 
we see that the points of contact of tangents to a conic, which 
are parallel to its chords of intersection with a circle, lie on 
confocal conies passing through the points of intersection of 
the common tangents of the conic and circle. 

13. The locus of Ex. 12 can be written in the form 
.8'=(C-p/)(O-p,')-4&'C=0, 
where p^, p^ are the distances of a point fcoTxi \!afc Ici^v ^^ ^^ 
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from which it follows that a focus of 8 is an anti-point 
(Salmon's Curves^ Art. 139) of two points of intersection of G 
on 8. But the points of intersection of C and S ( Curves^ 
Art 275) are foci of the quartic, and the anti-points of foci 
are also foci. 

39. The equation sin A »J[p^ — ft*) + &c. = represents 
two circles concentric with the circumscribing circle and 
situated at a distance ± k from it. 

44. The point cos \, cos i^, cos v satisfies the equation of 
the cubic and also that of the line at infinity. But the 
tangents to the cubic at the points 1, ±1, ±1 pass through 
cos Xy cos /A, cosv; these points are, therefore, the points of 
contact of the tangents parallel to the real asymptote (Salmon's 
Curves] Art. 278). 

51. When the circle touches the conic, we have in 
the limit 

t^i^\—coi0, and«' = l(p-r)*^. 

52. This proposition can be readily established by means 
of elliptic functions ; for, by Chasles's theorem, the extremities 
of the diagonals of the quadrilateral, formed by the common 
tangents of a conic and a circle, lie on a confocal conic; 
hence, when four tangents are touched by a circle (see Note 
on Ex. 7), w, + w, + ttg + tt^ = 0, or 4mjr. 

Now three tangents coincide at the point of contact of an 

osculating circle; therefore, for the points of contact 

u„ u„ U3 of osculating circles which touch the tangent u^ we have 

3u, + ti = 0, or w, = - Jm, andtt,= -Ju + |jr, t«3=- Jt* + fJT, 

from which it follows that the tangents u„ u„ u^ are toochcd 
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by a circle touching u. There are nine osculating circles 
touching a given tangent, but six of these are imaginary^ 
corresponding to the imaginary periods of u. 

53. Since there is only one circle of given radius having 
double contact with a parabola, it follows that the coordinates 
of its centre must be expressed rationally in terms of the 
coefficients of the curve. But given three tangents to a 
parabola, the coefficients are quadratic functions of a para- 
meter. We thus see that the locus is unicursaL 

122. Let 6*^ = <, then 

h 



X 



= ia(« + l),y=i-.(«-l); 



and substituting these values in the equation of the quartic 
we obtain ^• + &c. ...+ 1 = 0, from which the result stated 
in the question follbws. 

126. Let p,« ^{x^ x,Y + (y - y,)\ p/ = &c., 

then the equation ^^hpt^O will represent an equilateral 
hyperbola, if 

Now this equation can be written S^V^o,* = 0, where 

and S^V,-a,=sO, identically. But when the curve is written 
in the latter form, the pole of a^ = is found from the 
equations a^ = a^ = ttg, therefore &c. 

138. These relations are also true for the circle. 
154. See Ex. 341. 



sin 
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155. Let p^ r,, r,, r, be the distances of a point from 
F^ Aj Bj C respectively, then the equation of the circle is 

+ Bmi(a-/9)^(^) = 0, 

where a = angle AFOj &c., and <?, = FAj &c. But for the 
centre of the circle round ABC^ r^=ir^ = r^^ and from the 
focal equation of the parabola e^, = asec'^a, &c. ; therefore 
cos^a sin^ (iS— 7) + cos^/S sin J (7-a) + cosi7 sin^ (a-)8)=0, 
which is satisfied identically. See also Ex. 166. 

163. Let the conic be projected into a circle, and the 
fixed line to infinity, then the centroid of the projected 
triangle is fixed, subject to which condition it can be seen 
that the sides of the triangle touch a conic having the centre 
of the circle for focus. 

165. By considering two consecutive curves of the system 
we see that the different loci of the centre, obtained according 
as the tangents or points as fixed, must touch one another. 
The line of intei^sections of perpendiculars is the radical axis 
of the director circles of conies touching four lines, and the 
chord of contact of the director circle, given four points on 
a conic, passes through a fixed point (see Ex. 18). 

170. Considering two consecutive curves of the system, we 
see that the locus coincides with the envelope of the directrix. 

182. If a, /8, 7, ^ are the eccentric angles of A^ B, C, P 
respectively, it may be shown that the coordinates of the 
centroid of the variable triangle are given by the equations 

«= — {2Scosa + 3cos8 + 2cos(a + /8 + 8)}, 
^« - j^ {22 sina + 3 sinS - S sin (a + i8 + 8)}, 
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from which we see that the locus of P is a line if 

{S cos (a + I3)Y + {S sin (a + /9)}« -= 9, 
the condition that the centroid of Aj Bj should lie on the 
<3urye. The locus is in general a conic. 

184. See Ex. 39. 

207. Let a, /3, 7 be perpendiculars on the sides of the 
triangle, and let an imaginary focus satisfy aa'+ii9'+C7'=2Ay 
then since for the imaginary foci aa' = ^8^8' = 77' = a*, and 

'afiy+hya+caff^ 1\ we have aV=— 2ra^7, where t is the 

length of the tangent drawn to the circle. But a=a a /(— 1 > 

where r^, s^ are the distances of the point of contact from the 

imaginary foci, and -^=ee*^i, where ^ is the angle subtended 

by the same point at the real foci. Hence, unce the sum of 
the angles subtended at the points of contact is equal to the 
sum of the angles subtended at the yertices of the triangle, 
we have f = 2are** ; therefore &c. 

209. If (f>^j 4>9 <^^ ^be angles of intersection at the points 
whose eccentric angles are a, /8, we have 

^A , xf « ^/tsin^, sin^, 
cot0, + cot6^ = 2cotg . ^^ . Is 
^* ^* sm0, sm9, ' 

where &„ '^,, yp*^ are the angles which the chord 0^ makes with 
the diameter bisecting it and the curve respectively. But 



c« 



and it can be shown, from the expressions for the coordinates 
of the centre of the circle in terms of eccentric angles, that 

sin ^, =»^ -Si sin J (a'- /8) sini (a - 7) sini (2a + /8 + 7) ; 
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also V-V = -<'"8i°Ma-"^)«ni(a+i8 + 27), 
and sin -^j sm -^^ =^-1^-3 — j^ ^ ; 

therefore, &c. 

If a, P^ 7 are the angles which the sides of the triangle 
make with the tranverse axis, It can be shown that 

2 (1 - e") -h g' {sin^'g + sin'g + sin^ - sin' (a + y3 + 7)} 
^ ^ 26' sin (a + t^) sin [t^ + 7) sin (7 + a) 

211. The sum of the angles which the tangents to the 
circle make with the axis is seen to be zero. Eliminating 
then x^ y from 

a? cos o) + y sin o) - V(«* cos*® + V sin'©) = 0, 

and the equations of the conic and circle, and putting e*^ =- ty 
we find the required expression from the absolute term of the 
equation in t 

226. It is known that the sum of the arguments of three 
collinear points on a cubic is equal to a constant, the 
argument of a point being an elliptic function depending 
on the coordinates of the point. The following proof may 
be given of this theorem : Suppose the cubic, the point A 
on the curve being origin, to be written in the form 

then, transforming to polar coordinates, if a line making an 
angle «, with the tangent at the origin meet the curve agun 
in jB, (7, we have 

where P^ is the value of 



\/{(y + (-^) } 
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■■■I [■■■■■■II- ^ 

at Aj and Q=^a cos'd + &c., and, similarly, 

Now let the line touch a curve in 0, then we have, by 
infinitesimals 

OAd<f^ = Bmi^ds^ = P, sint^e^u^, if & = Pdu ; 

^^^ OZTSO "■ OB.CA "" 00. AB' 

and c?(m, + w,+ Wg) = 0. 



Tahm 



we have rf„=^«-^, 

and by writing the curve in a particular form, as for instance, 

y' = a:(l-aj)(l-Aj"ar), 

it can be shown that t^ is an elliptic function. If we now 
inscribe a triangle in the curve so that the tangent at each 
vertex passes through the point where the opposite side 
meets the curve again, we must have the relation3 

where m^4tmK+2mK'. 

Thus we see that there are four systems of triangles corre- 
sponding to the four distinct values of |a), viz. 

i{iK), J(2iS"), J (4i:) ± i (2tS"). 

From the values given above for du^ : du^^ we see that when 
u^ — u^ss^ constant, the line is divided harmonically at the 
three points on the curve and the point of contact with its 
envelope. 
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230. If we pot y = 0x\n the equation 

^=0 is the equation of the tangent, and corres^nding points 
are connected by the relation + d' = 0. 

232. The lines joining corresponding vertices are tangents 
to the Cayleyan. Kow if three tangents to the Caylejan 
pass through a point, the three polar conies of which each 
tangent is a factor most have a comnum point ; bat this can 
only happen when the three points which give rise to the 
polar conies lie on a line. Hence the tangents at the vertices 
<^ one of the triangles meet the curve again in three points 
on a line (Salmon's Curves^ Art. 180), in which case the 
points where the sides meet the carve ag^ain will also lie 
on aline. 

235. If Aj B are the circular points at infinity, the 
intersection of PA and QB is an anti-point of PQ, When 
P and Q coincide, the locus of the anti-points will cut the 
locus of P, Q orthogonally. 

258. If p, r„ r,, r, denote the distances of a point firom 
P, A^ Bj C respectively, we have, for the intersection of the 
perpendiculars of the variable triangle. 

where f^i-^A 0^ = lBPC^&c. 

Now, ifJ+iR + nssO, the equation 

Jd. md, nd, ^ I tn , n ^ 

i- + i:3:V=o. or fl + « + «=0i 



eoBfi, ^costf, coBe^""' "' S, 5. /ff, "' 
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where 8^^ £>,, 8^ are the circles described on the sides as 
diameters, represents a circular cubic of which A^ B^ C are 
centres of inversion. Hence 

Ir^ + mr^ + nr^ = 0, 
therefore, &c. 

259. The equation 

I m n 



rfj cos^j ^ d^ cos^j ^ d^ cos^3 * 

where Z + wi + w =* 0, represents a circular cubic of which the 
vertices of the triangle are the points 8^ Uj F(see Ex. 43). 

268. Taking the point on the curve as origin we may 
write the curve 

Transforming then to polar coordinates we have from the 
absolute term f=f+gcot0^ from which we see that the 
equation whose roots are t^^j &c. is a homographic trans- 
formation of the equation which determines the direction 
of the tangents.* 

275. If a, fij 7, B are the equations of the tangents, and 
la + m^ + W7 +i>8 = 0, identically, 

I m n p ^ 
-+5+ - + 5 = 
a p 7 o 

(Salmon's Conicsj Ai:t. 297, Ex. 15), represents a circular 
cubic passing through the foci and the extremities of the 
diagonals of an infinity of quadrilaterals, such as a, /8, 7, S, 
circumscribed about the conic. Now, if two tangents a, 
to a conic make angles ^^, 0, with the locus of their inter- 
section, it may be shown that . ' =s . * , where w„ w, 
' '' Bm0, sm^,' " * 

have the same meaning as in the Note to Ex. 7. But the 
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1 t . /^ . a iS ^ , Bin 6, sm 6« 

tangent to the cubic at ap is -7 H — =0, whence — y-^ = — ^ ; 

therefore, -,- = — ^ =, by symmetry, — ^ = — * . Now from 

the identity given above we have 2Z cos ^ = 2Z sin ^ = SZp = 0, 
therefore, &c. 

For the system of quadrilaterals inscribed in a cubic and 
circumscribed about a conic, see an article by Cayley, 
Liouville^s Joumaly tome X. p. 102. 

291. This method of forming the differential equation 
was given by Euler (see Enneper's ElUptische Functtonen^ 
p. 132). 

315. When the point is on the curve, the conic breaks up 
into the tangent at the point and a line on which the points 
of contact of the tangents from the point lie. This theorem 
was given by Dr. Casey. 

343. The curve whose equation is [a^—a^] (a^ Jjpj!+&c.=0, 
can be shown to be the locus of the intersection of tangents 
at a pair of inverse points of the quartic (see Dr. Casey's 
Memoir on Bicircular Quartics). 

370. These expressions for the arc of the Cassinian were 
given by Serret (see Liouville^s Journal^ tome Vlii. p. 495). 

428. The arc of the curve r^=^a^ cos3d is the area of the 
inverse cubic r' cos3d = a' (see then Note to Ex. 226). 
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